ECE 302 Solution of Set #7" November 15, 2002

1. (a)
2—u 2—u
fr(u) = IfXY(u,v)dv = j 0.5dv =0.5v|"=1-0.5u, for0<u<2
0 0
2—v 2—v
L0 = [ fo@vydu= [ 0.5du=1-0.5v, for 0 <v <2
0 0
(b) fo@v) = £ ) f,(v), They are dependent!
(c) F.,(u,v)=0, for u<0orv<0
Fo,(u,v)=1, for u>2 and v>2
Fy (u,v) = I I 0.5dxdy =0.5uv, for u>0and u+v<2
0 0
v 2-y v V2
F.,(u,v) :j I 0.5dxdy :I 0.52-y)dy = V—T, for u>2and 0<v<?2
0 0 0

See picture below of the region to be integrated (bound by the diagonal line and the red lines)
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Fy@v)=|[ [ 0.3dxdy = 0.52-x)dx=u - for0<u<2and v>2
0 0 0
Finally, for: u+v)>2 and u<?2 and v<2 we get (based on the figure

below — the area bounded by the red lines and the diagonal line):
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2. Note that X and Y are independent with

fx(u) = 0.5, forO0<u<?2
fv(v) = 3 exp(-3v), for0<v<o

(a) 7=X+Y

fZ(W)=TfX(u)-fY(w—u)du:O, for w<0

w 3u
f.(w)= j% 3¢y = 1.5 e?

y=0.51-e7"), for

0

1 “3(w—u) 3w e 2
fz(w)=j5-3e du=1.5¢ 3 ‘0
0

=0.5(-1+e%)e™, for 2<w<oo
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Alternatively, we can first find the distribution and then differentiate to obtain the density function.
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When w < 2 we use the area bounded by the red line and the X and Y axes to find P{(X+Y)<w}:



w w—u w 3w 1

Fz(w) = P{(X+Y)<wj= j j 1.5¢™" dvdu = j 0.5(1— e )du = 0.5w— e £
00 0
=05w—(1—-e7")/6, for 0<w<2

When w > 2 we use the area bounded by the blue line and the X and Y axes and X=2, to find
P{(X+Y)<w}:

2 w—u 2 6

- —3(w-u 3w -1
Fy(w) = P{(X+Y)<w)= j j 1.5¢ " dvdu = j 0.51-e " Ndu=1-e" eT for 2 <w
0 0 0
Taking the derivative will yield the same two expressions for the density function we derived earlier.

(b) E{Z}=E{X+Y}=

2 o0
—E{X}+E{Y} = [sudu+ [ v3e v =1+ =2
02 0 3 3
E{Z?} =E{(X +Y)*} = E{X >} + E{Y*} + 2E{XY}
2
E(X?) = [0 sdu =2
23
EY2 = v23ei3vdv:2-—:_
v ! 39
2 1 1
E{XY} = I Iuv—3e‘3vdvdu =E{XE{¥}=1 373
0 0
o ' =E{Z*}-[E{z}]
_i+2+%_ iz—i—a ‘1o, as expected
39 3 \3 9 X Y p :

2 o
(©) E{e ™} = j je’“vl.Se’“dvdu
0 0
5

2
= | L.Sdu =1.5€n(§j =0.766
v (3—u) 3
3. Z=2X+15Y-25
my =2, my=3, o, =3, oy, =2

m, =2m, +1.5m, -2.5=4+75-25=9
o, =12) 0, +(15) 0, +22)(1.5)Cyy =4-9+2.25-4+0=45
C, =20, +15C,, =2-9+0=18
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=0.8944

6

]
Dy, = — = 04472
N /T RN



