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Abstract

We evaluatethe performanceof reduced-ranlequalizerdor both single-input,single-outpuf(SISO)
and multi-input/multi-output(MIMO) frequeng-selectve channelsEachequalizerfilter is constrained
to lie in a Krylov subspaceand can be implementedas a reduced-rankMulti-Stage Wiener Filter
(MSWF). Both reduced—ranKinear and decision-feedbaclequalizersare considered Our resultsare
asymptoticas the filter length goesto infinity. For SISO channelsthe output Mean SquaredError is
expressedn termsof the momentsof the channelspectrumFor MIMO channelspoth successie and
parallelinterferencecancellationare considered The asymptoticperformancedn that caserequiresthe
computatiorof momentswhich dependon shiftedversionsof the channeimpulseresponsdor different
users.Thoseare also expressedn termsof the MIMO channelfrequeng responseNumericalresults

are presentedwhich shav that near full-rank performancecan be achieved with relatively low-rank
equalizers.

. INTRODUCTION

Reduced-rankstimationandfiltering hasbeenstudiedfor mary applicationssuchasspace-
time processing,channelestimation,and equalization[1], [2]. Reduced-rankestimationcan
accuratelyapproximatethe filter parameterswith relatively few obsenationsor training data
[3, Sec.8.4]. In this paper we apply reduced-ranlestimationandfiltering to equalization,and
study the performancefor suppressiorof both intersymbolinterference(ISI) and co-channel
interference(CCl).

In a reduced—ranKilter, the input (obsenation) vectorsare projectedonto a lower dimen-

sional subspaceThe filter is then optimized within this subspacelf the subspaces selected
This work was supportedby ARO undergrant DAAD190310119and NSF undergrant CCR-0073686.
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appropriatelythis canreducethe amountof training, or obsenation data,neededo estimatethe
filter. Furthermore oncethe subspaceas determinedthe computationalcompleity associated
with estimatingthe filter coeficients decreasesvith the subspacealimension.

The performancef reduced-ranlestimationdependsn the choiceof the projectionsubspace.
A well-known class of reduced-rankmethodsprojects the incoming signal onto a subspace
spannedoy a subsetof eigervectorsof the input covariancematrix (e.g.,[4]-[6]). When used
for interferencesuppressionthe subspacalimensionmust generallyscalewith the dimension
of the signal subspacd7], which compromiseghe benefitsof reduced-rankestimationas the
load (humberof interferingsignalsnormalizedby filter length)increasesAdditional discussion
aboutsubspacelecompositionsusedfor reduced-rankestimationand filtering can be found in
[5], [8]-[12].

Our focusis on reduced-rankalgorithms,which are basedon the Multi-Stage Wiener Filter
(MSWEF) [13]. In previous work, the MSWF hasbeenappliedto suppressiomf multiple access
interferencan a Code-Dvision Multiple Access(CDMA) system([7], [14], [15]. (Seealso[11],
[12], which discussa related”Auxiliary Vector” reduced-ranknethod.)It hasbeenshown in [7]
thatfor a target performancethe MSWF can offer a dramaticreductionin subspacelimension
relatve to other reduced-rankechniques;such as principal componentsThis can lead to a
significantreductionin training overheadrelative to a full-rank algorithm[16]. Furthermorejt
hasbeenshown in [7] thatthe subspaceassociatedavith the MSWF is a Krylov spacefor which
the basisvectorsare easily computed.In [17] it is shovn that the output Signal-to-Interference
Plus Noise Ratio (SINR) for the reduced-rankMSWF corvergesexponentiallyto the full-rank
SINR astherankincreases.

Herewe studythe performanceof the reduced-rantMSWF whenusedfor channelequaliza-
tion. Earlier work on reduced-rankequalization,basedon an eigen-decompositionf the input
covariancematrix, is presentedn [18], [19]. The reduced-rantMSWF hasbeenconsideredor
equalizationin [20]-[22], and a reduced-ranklecision-feedbackqualizer basedon the MSWF,
is presentedn [23], [24]. Adaptive reduced-ranlestimationis appliedto a turbo DFE in [25].
The reduced-rankDFE can provide a significantperformancegain, relative to the corventional
full-rank DFE, whentraining is limited.

Our mainresultscharacterizéhe asymptotigperformancef reduced—ranknearanddecision—
feedbackequalizerswhereasymptoticmeansthat the filter lengthtendsto infinity with a fixed

channel. The performanceis measuredin terms of Mean SquareError (MSE). Becausean
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infinite impulserespons€lIR) equalizercanoften be accuratelyapproximatedisa finite impulse
respons€FIR) equalizerour resultscanbe usedto estimatehe rankrequiredfor FIR equalizers.
We considerboth single-input/single-outpuand multiple-user/multiple-antennehannelmodels.
In the latter case both successie (S-) andparallel (P-) DFEsare consideredin which the users
aredecodeckithersuccessiely or in parallel.In the caseof the SDFE,we assumehatall bits for
the setof decodedusersare available for feedbackcancellation.(This correspondgo detection
of areceved paclet.) The asymptoticperformances expressedn termsof the momentsof the
channelspectrum(for the linear equalizer),andinner productscontainingthe channelspectrum
and phaseshifted versionsof the channelfrequeng responsegfor the DFE). We also shov that
the geometricaverageof full-rank MMSE acrossusersis the samefor both the S- and PDFEs.

Numericalresultsare presentedyhich shov the asymptoticperformanceof the reduced-rank
equalizersvs. rank. In all casesconsideredthe reduced—rankequalizerscan achieve closeto
full-rank performancenvhenthe subspacalimension,or rank, is at leastten.

In Sec.ll, the single-user/singl@antennasystemis consideredandwe evaluatethe minimum
MSE (MMSE) for both linear and decision-feedbaclequalizers.In Sec. lll, the resultsare
generalizedo the multiple-user/multiple-antennanodel with linear, S- and PDFEs.SectionlV

concludeshe paper and proofsare given in the appendices.

Il. REDUCED-RANK EQUALIZATION

Wefirst presenteduced-ranknearanddecision-feedbackqualizerdor thesingle-user/single-
antennasystemmodel, and evaluatethe asymptoticperformanceas the filter length tendsto

infinity. In the next sectionwe considerthe more complicatedmulti-user/multi-antennacenario.

A. Single-Input/Single-OutpySISO)Model
In this case,we form the vectorof 2V, + 1 receved signalsamples
y(l) = [y(l + Nc)a o 7y(2.)7 e 7y(l - Nc)]T
= Hs(i) + n(7) (1)

where[-]” denotesransposeH is the (2N, + 1) x (2N, + 2m + 1) Toeplitz channelmatrix

- .
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correspondingo achanneimpulseresponsevith length2m+1, s(i) = [s(i+m+N.), -, s(i), -,

m—N,)|" isa(2N.+2m+1)x1 vectorof transmittedsymbols,andn (i) = [n(i+N.),- - ,n(i), - -
N.)|* is complex white Gaussiamoisewith covariances?I.
For simplicity, we assumethe transmittedsymbolsare with unit power, i.e., E [|s(i)[*] = 1.
The Minimum Mean SquareError (MMSE) linear equalizeris given by
c =argmin E [’s(z) — cTy(i)ﬂ =R 'h (3)
where[-]' denotesconjugatetransposeR is the input covariancematrix

R = E[y(@)y' ()]

= HH' + ¢4 (4)
andh is the channelsteeringvector
h = Ely(i)s™(i)]
= Hopinerr = [A(Ne), A(Ne = 1), h(=No)[* (5)

whereM,, is the n'* column of the matrix M, and A (i) = 0 for |i| > m. In what follows, we

allow the length of the impulseresponserepresentedby m, to be infinite. Whenthe channelis

notknown attherecever, the covariancematrix andthe channelsteeringvectorcanbe estimated
adaptvely from a sequenceof training symbolsand the correspondingeceved signal vectors
[25].

B. Reduced—-RaniRR)Linear Equalization

An RR equalizercan potentially reducethe training overheadand compleity associated

with adaptve equalization.This becomesan importantissuewith frequeng-selectve Multiple-

Input/Multiple-Output(MIMO) channelssince the numberof equalizercoeficients increases

with the productof numberof transmitantennaspnumberof receve antennasand the channel
delay spread.

The basicideain RR filtering is to project the receved vectorsonto a lowerdimensional
subspacelLet Sp be the (2V. + 1) x D matrix with columnsthat are the basisvectorsfor a
D—dimensionakubspaceandlet 3(i) — STy (i) be the projectedinput. In what follows, all D—
dimensionalprojected)quantitiesaredenotedwith a “tilde”. The sequencef projectedreceved
vectorsis the input to a tapped—delayine filter, representedby the D—vector¢. Selectingc to
minimize the RR MSE FE{|s(i) — ¢'y(i)|?} gives

¢ = (SLRSp)!Shh. (6)
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In what follows, we take
Sp=|h Rh R’ --- R~'h ] )

which definesa Krylov subspacelt has beenshown in [7] that the associatedRR filter is
equvalentto the MSWF [13]. Additional discussionon relatedRR methodsis given in [26].
Analogousto the resultsin [7], [14], which apply to interferencesuppressiorfor CDMA, our
analysisandnumericalresultsshav thatthe performancef the RR linearequalizercanapproach
full-rank performancevith low rank,which doesnotincreasewith theequalizelength.Reducing

the filter rank D canreducethe amountof training neededn an adaptve mode.

C. Performanceof the RR Linear Equalizer

The MMSE for the full-rank linear equalizeris given by
Mrg=1—hR7'h (8)

whereR and h are definedby (4) and (5), respectiely. The MSE for the RR linear equalizer
canbe expressedn termsof the channelmomentsy, = h'R"h. Let

Yo = oy -]’ 9)
[ T Y2 YD ]

S (10)
L YD YD+2 - V2D-1 |

The MMSE for the RR linear equalizeris
Mpre = 1—h'Sp(SLRS,)!Shh
= 1-7L05"9 (11)

Theprecedingesultassumeshattheequalizethas2 N.+1 taps.We now presenthe analogous

resultas N, — oo. In that case,the MMSE for the RR linear equalizercan be computedfrom

(11), where the moments~,, n = 0,---,2D — 1, are replacedby the asymptoticmoments
o = i .
=

Theoem1: The asymptoticmomentsare given by

= [ (HE)P + 0?)" | H ()P (12)

2 J_,
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Proof: The covariancematrix of thereceved vector R definedin (4), isan N x N Toeplitz

matrix with elements{R;};— (x_1).... n_1, Where N = 2N, + 1. The sequence{R;} is the

m
j=-m

autocorrelationof the channelimpulse response,R;, = > h(5)h*(j + i) + o%4;, where

9; = 1 for i = 0 andis zerootherwise,and R; = 0 when|i| > 2m. We have

0 . tpn
W= Jim R
1
_ : - ipn
A}linoo Ntrace[H R"H]
: 1 n 2
= ]\}I_I)noo Ntrace[R (R —071)]
1 N
= Jim Z (N R) — N (R)) (13)
where \;(R), i = 1,--- , N arethe eigervaluesof R. SinceR is a Toeplitz matrix, it follows
from [27, Theorem4.1] (restatedas Theorem9 in AppendixA) that
1 4 ) g2 [T .
A — n+l/ jw _ n( jw
v o _WS (e’*)dw o _WS (') dw
1 ™

= o [ (H(E)P+0%)" [H(e)Pdw

where S(e/*) = i’;ﬁm Rie~7% is the power spectrumof the receved signal. [ |
As D — oo, the MMSE for the RR equalizercorvemesto the full-rank MMSE given by [28]
L™ |H(e™)P

1
o _ 1 __ 1 ip—1 1 _
MG =1 Nhgl)o —Ntrace{H R H}=1 o ) THE) + Ude (14)

A direct proof of (14) is givenin AppendixA.

D. RRDecision—-feedbak Equalizer

We now apply RR filtering to a DFE. Given the discrete-timemodel (1), for purposesof

analysiswe definethe outputof the DFE asthe 2NV, x 1 vector
2(i) = Fly(i) — B's(q) (15)

wherethe feedforvard filter F is a (2N, + 1) x (2N, + 1) matrix, and the feedbackfilter B
isa (2N, + 1) x (2N, + 1) matrix. Letting N, = N, + m, the vector of feedbacksymbols
s(i) = [s(i + Ny),s(i + Ny — 1),-+-,s(i — N,)]*. The feedbackmatrix B is strictly lower
triangular correspondingo causafeedbackln whatfollows, thefeedbackdecisionsareassumed
to be correct.We wish to selectF and B to minimize E[||z(i) — s(7)||?], which implies thatthe

(N, +1)** columnof F, andthe (N, +1)* columnof B areselectedo minimize E[|z(:) —s(i)|?].
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Fig. 1: Block diagramof an optimal (MMSE) DFE.

The columnsof F and B can be interpretedas a sequenceof time-varying filters, which are
usedto detectthe sequencef symbolss(i — N,), - -+, s(i + Np).

The optimal feedforward filter can be expressedas the concatenatiorof the linear equalizer
with an error whiteningfilter [29], asshown in Figure 1. Specifically let C,, = R 'H, andlet

the correspondingerror be

e(i) = s(i) — Cl,y (1) (16)

which hascovariancematrix
R. = FEle(i)e!(i)]=1—C[ H—-H'C,, + C/ RC,, (17)
= I-HR'H (18)

The feedbackmatrix can then be computedfrom the Cholesly decompositionL.'R.L = D,
whereL is a lower triangularmatrix with onesalongthe diagonal. The optimizedfeedforward
filter is

F = C,L (19)

andB=L-1.

Oneversionof a RR DFE canbe obtainedby substitutingRR approximationgor the full-rank
filters C_, andB. Thatis, the (N, + 1 + ¢)" columnof C,,, —N, < q¢ < N,, is replacedby
the RR approximation

¢, = Sp4(S}, RSp,) 'Sk h, (20)

whereSp, = [h,,Rh,,--- ,RP'h,], andh, = Hy,1.,, denotesthe shiftedchannelimpulse
responseA full-rank feedbackKilter B canbe computedoy performinga Cholesk decomposition
of the associatederror covariancematrix given by (17). Note that the error covariancematrix

is no longergiven by (18) with a RR approximationfor C,,,. We refer to this RR DFE asthe

RR DFE-Linear (RR DFE—-L), sinceonly the linear equalizerpart of the feedforward filter is

approximatedoy a RR filter.
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To obtaina RR feedbackiilter, we recall that the (N, + 1) columnof B canbe interpreted
as an error prediction filter for the sequenceof errors, {e(z’) = s(i) — [CUN}MHy(z’)}. That
is, the column containsthe non-zerocoeficients vy, - - - , vy,, Which are selectedto minimize
Elle(i) — Z;V:”l vie(i — 5)?] = E[le(i) — vien,+2.2n5,+1(1)]?], wherethe vectorm,,.,, contains

the m'* to n** componentf m. The full-rank feedbackfilter is

V:Re_lfle (21)

where
R, = Elen2am41(0)el, oon11(0)] = Reln,p22n,11 (22)
h, = Ble*(ien,+20m,+1(0)] (23)

andthe matrix M,,,.,, containsthe m!" to n'* columnsandrows of M. The RR feedbackfilter
with rank D, is given by
'h, = (STR.S.)"'S'h, (24)

wherethe matrix of basisvectors
Se = [Bea Reﬁe: e >R6Db71fle] (25)

andtheRR approximatiorof thenon-zeracomponentsf thefeedbacKilter is Se(SZRese)—lsLBe.
We will referto the DFE with both RR linear and error estimationfilters asthe RR DFE.

We remarkthatwhenthe channelis unknavn at the recever, a LeastSquaregLS) versionof
the RR DFE is obtainedby replacingthe MMSE linear equalizerin (16) with the LS version,
given a training sequenceThe estimatedeedbackfilter v is an LS error predictionfilter, again
given by (21) or (24), wherethe estimatedinear prediction error covariancematrix and error

steeringvector are given by the correspondingsampleaverageq25].

E. RRDFE Performance

From the discussionin Sectionll-D, to computethe DFE filters and the associategerfor
mance,we mustcomputethe error covariancematrix R.. The correlationamongerrorsat the
outputof the RR linearequalizeiis definedin termsof shiftedchanneimomentsyp , = h'R”h,,
whereh, is the shifted channelimpulseresponse.

Theoem 2: The asymptoticshifted channelmomentsare given by

Ymg = Jim h'R"h,
1 [7 ; n i ia
= ([H ()2 +0%)" | H(e™) e/ dw (26)

-
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Whenthe channelimpulseresponsas finite-length, v, = 0 for ¢ > 2m(n + 1).

The proof is givenin AppendixB.

We now proceedo computetheasymptotidVISE for the RR DFE by computingthe correlation
betweenoutputerrorsfor arank-D linear equalizer Thatis, theerrorattime i —qg ise(i—¢q) =

s(i —q) — [CL|N]1]—Vb+1+qy(i)' and
e, = Efe(i)e’(i—q)}
= 0, — 27505 D + 7bT 5 Tp L' (27)

for ¢ < Q, where@ = 4mD, yp andT'p aredefinedin (9)-(10),

YD, = ['70,117 T,g " " :7D—1,q]T (28)
’YLq 727q “ e fYD’q
e o
| YD,q VYD+1,4 "°* 72D-14 |

ande, =0 for ¢ > Q.

The N, x N, error covariancematrix is Toeplitz, i.e.,

€ €1 &2
6* 6 6 PR
R,=| " (30)
55 5’{ 50 e
andthe N,-vectorof errorsis
he - [617627”' ’ng]T (31)

The asymptoticMSE of the RR DFE-L canbe computedfrom a Cholesk decompositiorof
the covariancematrix of the sequenc®f linear equalizererrors.Alternatively, usingthe factthat

the output MSE is the meansquaredpredictionerror for this sequencewe canwrite

1 [7 ,
MERrDFE-L = €XP {% / In Se(e”“’)dw} (32)
where S.(e/*) = 32 e,e77% is the power spectrumof the error sequenceande , = ¢;.

We now evaluatethe outputMSE for the RR DFE in which boththelinearanderrorestimation
filters arereplacedy the correspondindRR approximationsHerewe mustassume finite-length
channelimpulseresponselLet

¥, = hiR"h, (33)
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which we will referto asthe n™ momentof the error covariancematrix, whereR, andh, are
definedby (22) and (23). The MSE for the RR DFE is given by the analogoudorm to (11),

Mprpre = min E{|e(i) — V&, 12.0n,+1(3)*}

= E{|e(l)|2} - BZSe(SZReSe)_lsZBe

= MRRLE—T/;EI,‘I’B&ED,) (34)
where
@ZD,, = [¢07¢17 T JﬁDb—l]T (35)
and ) )
v Yy o Yp,
Yo Y3 o+ Upp

Up, = | _ | _ (36)

| YD, Yp,+1 *°+ Yop, 1 |

Given a finite-lengthchannelimpulseresponsethe autocorrelatiorof the error at the output
of the linear filter is zero after a finite time shift. Note that R, and h, have exactly the same
structureas R, and h,, the only differencebeing the effective length of the feedbackfilter.
Specifically R, andh, with a feedbackfilter of length IV, arethe sameas R. and h. with a
feedbackfilter of length 2V, + 1. Thereforeif the size of the feedbackfilter is large enough,
thenwe cansimply useR. andh, to computethe momentsof the error covariancematrix. That
is, we canwrite v, = hiR"h,, sinceh, hasa finite numberof nonzerocomponentst the top,
which doesnot increasewith the filter length. This enablesus to computethe performanceof

the RR DFE as N — oo and N, — oo by evaluatingthe performanceor infinite NV but finite

Nj.
Theoem 3: With a finite-lengthchannelimpulseresponseahe asymptoticerror momentcan
be evaluatedas
Yy = (N,jl\iTSLOO VYo = hZ,J\IR'Z,]\th,M (37)
where M > 1+ ["TH—IQ, he’]\,[ = [61,52, L EQ, 0, s ,OH\/le, and Re,]\j = [Re]I:M-

Proof: It is easily obsenred that for a Hermitian Toeplitz matrix R with 2¢Q) + 1 non-zero
diagonalelementsthe ) x @) upperleft block of R™ remainsconstantwhenthe size of R is
larger than [2+17Q. Sinceonly the first @ entriesof h, may be nonzero the asymptoticerror
momentcanbe computedrom a finite—sizeM x M matrix R, ,; providedthat M > 14 [2E70Q).
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As the ranksof both feedforward and feedbackfilters tendto infinity, the MSE corvergesto

the classicalexpressionfor the full-rank MMSE [28],

- 1 T o?
Mbre = o {% [ [|H<ef'w>|2 +a2] d“’} (39)

A directproof thatthe MMSE for the finite—lengthDFE corvergesto (38) is givenin Appendix
A.

F. Computationof ChannelMoments

The expressiong12) and (26) canbe computedvia the residuetheoremii.e.,

Voo = pR - (H(2)]*+0%)" |H(2)|*~ ;dz
= ) Residueq(|H(z)|* + ¢*)"|H () |*2"""} (39)

For example,if H(z) = \1/‘% thenthe asymptoticchannelmoments correspondingo ¢ = 0,

canbe explicitly expressedas
720 - Tn+1 - O—QTn (40)

where

T, = ZResidue{(lH(2)|2+U2)"2_1}

[n/2] )l L |a| 2
p (n—2i)!(i!)2(1+02) : (1+|a\2> (41)

1=0

and the residuesin the first equality are evaluatedby expandingthe agumentin powers of z
and keepingthe term which multiplies 2.
From (41) we seethat the performanceof the linear filter only dependson o2 and |a|, the

distanceof the zeroto the origin. The shifted channelmomentscan be obtainedas

770L<73q = Tn—|—1,q - 0,271“] (42)
where
L(n+q)/2] 2i
1+ |a[*\* n! ovntg—2i [ lal
Tn — | — 1 n+q—2¢ [ 11 43
4 ( a* Z (n+q—22’)!i!(i—q)!( o) 1+ |al? (43)

i=q
for ¢ <n andT,, = 0 for ¢ > n. Note that 7,, , dependson the phaseof the channelzero, as
well asthe magnitude.
We alsoobsenre from (12) and (26) that {~,,,} is the inverseDiscreteFourier Transformof
(|H(e?*)]? + o%)"|H(e*)]? and v, = 7,0. Hencegiven the channelfrequeng responsethe
inverseFFT canbe usedto computethe momentsefficiently.
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G. NumericalResults

Fig. 2 shavs the performancef RR equalizerdor thechannelf (z) = (1—az')/+/1 + |a]>.
In this case,the channelmomentsare given by (41) and (43). The figure shows plots of MSE
vs. |a| for different ranks with SNR= 20 dB. The solid and dashedcurves are for the RR
linear equalizerand RR DFE-L, respectiely. As |a| — 1, the impulseresponsef the full-rank
equalizereffectively increasesn length, and the performancedegrades.Theseplots showv that
a RR linear equalizeranda RR DFE—-L with rank 8 canachieve nearfull-rank linear equalizer
and DFE performanceespectiely, independentf |a|.

Fig. 3 shavs MSE vs. rank for the RR linear equalizerand RR DFE-L, and alsofor the RR
DFE. For the RR DFE, eachcurve correspondgo a particularrank for the feedbackfilter, and
shavs MSE vs. rank for the linear equalizerpart of the feedforward filter. Theseresultswere
generatedising a specificrealizationof an 11-tap Rayleighfading channelwith equal powers
acrosstaps. The SNR is 20 dB. The resultsshowv that in eachcase,a relatively low rank is
neededo achieve nearfull-rank performance.

One-zero Channel, H(z) = (1 - az_l)/(1+|a|2)l/2
10 T T T

— Full-rank |]
—— RR, Rank 1 ||
—%— RR, Rank 2 ||
- RR, Rank 4
-6~ RR, Rank 8 |]

10

Fig. 2: Performanceof the RR linear equalizerand RR DFE-L with a one-zerochannel.The

solid curves correspondo the linear equalizer and the dashedcurves correspondo the DFE.
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10 T T T T T T

T T
— - Full-rank Linear Equalizer |]
—— RR Linear Equalizer
— Full-rank DFE
-©- RRDFE-L
RRDFE, FB Rank 1
RRDFE, FB Rank 2
RRDFE, FB Rank 4

10" I I I I I I I I
1 2 3 4 5 6 7 8 9 10

Fig. 3: MMSE vs. rank for RR linear and decision—feedbackqualizers.

I11. DFE WITH MULTIPLE USERS AND RECEIVE ANTENNAS

We now extend the precedingresultsto K > 1 usersand L > 1 receve antennasLet y;(7)

be the vectorof receved sampleson antennd at time i. Thenwe have

Y = i i _ (a4)
s1(17) n; (i)
= [Hy,Hy, - Hg] : + :
SK(Z) i HL(i)
H171 Ce Hl,K Sl(i) nl(z')
- 5 S (45)
H;, --- Hpx sk (1) | nz (i)

where H, ;, is the channelfrom userk to antennal, as definedin (2), and s, (i) containsthe
symbolsfor userk. Thatis, y(i) is obtainedby stackingthe received vectorsacrossantennas.

The channelfrequeng response}(e’~), is givenby a L x K matrix. Thatis,

H(e) = [Hi(e?), -+ , Hk(e™)] (46)
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where H.(e’%) = [Hy(e')--- Hpp(e?*)]", and H; (') is the frequeny responseof the

channelfrom userk to antennal.

A. Linear Equalizer

For the full-rank linear equalizer the asymptoticMMSE for user1 is given by [30]
[ ; -
T =1 o [ HIE) (M) + 021) () @7)

In Appendix C, we give a different derivation from the one given in [30]. (This techniqueis
usedlater to computethe MMSE for a MIMO DFE.) The MMSE for the reduced-rankinear

equalizeris given by (11), wherethe MIMO channelmomentfor userl1 is given by

1ot | . L
0 = o= [ () [ HIE) + 01 () 49)

B. Successive-DFESDFE)

In this sectionandthe next, the performanceof full- and RR DFEsare presentedor MIMO
channelsThe DFE cancelsboth ISI and Co—Channel-Interferenq€Cl) from otherusers.We
first considera Successie (S)-DFE, and subsequentlyonsidera Parallel (P)-DFE in the next
section.

The outputof the DFE for userk is
z(i) = Fly(i) — Blsi (i) (49)

wheres; (i) is the vector of interfering symbolsbeingfed backfor cancellationFor the SDFE,
sk () consistsof the previouslydecodedsymbolsfor userk, i.e., {sg(i—1), sx(i—2),--- }, along
with the entire symbol sequencedor users1,2,--- k — 1, i.e., {---,s,(0 + 1),5,(2), s,(7 —
1),---;p=1,2,--- 'k —1}. Thereis no feedbackfrom usersk + 1, --- , K. This type of DFE
is differentfrom the corventionalMIMO DFE discussedn [29]-[32] in that both pre-andpost-
cursorinterferencefrom other usersis canceled(The SDFE considerechereis also described
in [33].) Herewe give closed-formexpressiongor the MMSE correspondingo both full-rank
and RR SDFEs.We first consideran SDFE with a full-rank feedbackfilter, which we refer to
asan SDFE-L, and subsequentlyonsidera reduced-rankeedbackfilter.

According to the discussionin Sectionll-D, the covariancematrix of the linear prediction

errorscorrespondingo usersl, - - - , k canbe written as

RY =1-Hl R 'H; (50)
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whereH, ; = [H;, H,,-- - , Hy|. Sincethe usersare decodedsuccessiely, the MMSE can be

computedvia the Cholesly decomposition
LLRSC)LIC = Dék) = dlag [Mkv Tt aMk: Mk’fla e 7Mk717 e 7M17 Tt aMl} (51)

wherethe diagonalmatrix Dék) containsthe MMSEs for usersl, 2, - - - , k. This decomposition
canbe usedto computeuserk’s MMSE with an infinite-lengthfeedbackfilter.
Theasymptotigperformancef the SDFEis givenby thefollowing theoremwhere| A | denotes
the determinanf the matrix A.
Theoem4: The asymptoticMMSE for userk with an SDFE s

T H () (H(E)HI () + 0T) " Mg ()

dw

1 ™
MSprer = exp 2—/ In : _ ) ) ) )
e ‘I — Higoa(€79) (H(e?)HI (/) + 021)  Hip—1(e??)

(52)
whereH ... (e7) = [Hi(e™), Hao(e'), - -+, Hi(e?¥)].

The proof is givenin AppendixD.

An RR SDFE canbe derived as beforeby definingthe appropriateKrylov spacein termsof
the receved covariancematrix andthe channelsteeringvectorsfor differentusers.Note that for
userk, C,, = [CH, c™ ... cW], whereC}) is the N x N, matrix with eachcolumnin
the form of (20), i.e., a shifted versionof the RR approximationof the linear equalizerfor user
k. Supposehe ranksfor the usersassociatedvith the linear RR equalizerare D, Dy, - -+ , D.

For two usersk; andk, the error correlationcomputedin (27) thenbecomes

ekl = B {ey, (i)ef,(i —q)}
= B{[s0) = 5N 1y 0)] [suali = 0) = [CH Ny ¥ @]

= 00k, — [CI1N, 1 b2 — (PN CH )y s14q + [COVTN, 1 RICHY w144

_ (k)T (k1) 1—=1 = (K1,k _(k1,ko)T (ko) 1—1 — (k
= 0Bk — A DRI TG — T G =
_ (k1) (k1)1 —1 (k1 ,k ko)1—1— (k
SR/ L el I O S | o (53)
where the cross—shiftedchannel momentyf,(f;’m = h(’“l)TR"hng), hgk) is the shifted channel
impulseresponsdor userk,
778%1162) = [,y(g’fql:kZ)’ gcql’k?)v Ty 7(116—1’1],6;)]71* (54)
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and
(k1,k2) (k1,k2) (k1,k2)
1,q 2,q U Yna,q
7(1617162) (k1,k2) ,y(k1,k2)
k1,k 2,q 3,q n2+1,q
Ly = | S _ - (55)
(k1,k2) (k1,k2) (k1,k2)
| Vni,g Y2,q U Tnotn—1,q

Whenn; = no, k1 = kg or ¢ = 0, we drop the repeatedexponent,userindex, or the shifted

index, respectiely. In analogywith the single-useDFE analyzedpreviously, 5((1’“”“2) = 0 when

q > 2m(Dy, + Dy,).

Theoem5: As N — oo, the cross—shiftecchannelmomenty{:** cornvergesto
k ,k ,00 . . k T n k
’Vﬁm; 2) — ]\}l_rgoh( IR hg 2)

= QL/ H};l(ej‘”) [H(e™YH () + oT)" Hy, (™) e/ dw
ﬂ- —T
(56)
The proof is analogousto the proof of Theorem1, where Corollary 2 in Appendix A is

applied,andis omitted.

Combining (56) and (53), the linear predictionerror covariancematrix can be written as

[ RF REE-D R
RE-LE)  RE-D  RE-LD

R, = . . . . (57)
ROF  ROK-D R |

where R is an N, x N, Hermitian Toeplitz matrix for 1 < k;, k, < K, which hasasits
first row {e*"*9},20.1,.. n,, Wheree "1 ¥ — [lFoF2)]s

As N, — oo, in analogywith (32) and (51), Cholesky decompositiorof the predictionerror
covariancematrix gives a block diagonalmatrix, wherethe kth block containsthe asymptotic

MSE of the RR SDFE-L for the kth user We canthereforewrite

[T Sy (e’
M?RSDFE—LJ;: = exp {% / In %dw} (58)
where
Sk.x(€7*) Skr_1(e7) -+ Spq(e)
. S (699 Si_q (7Y i Sh_ i (e®
é%(ejw) _ k 1{(6 ) k 1$.1(e ) | k 1{(6 ) (59)
S1(e) Spp—1(e7) - Spq(e¥)
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and

o0

Skl,kz(ejw) — Z 6ék1’k2)ejq“’ (60)

q=—00
The asymptoticMSE for the RR SDFE with a reduced-rankeedbackfilter canbe evaluated
by extendingthe previousresultsfor the single-useDFE. Namely (34)—(36)still hold, wherethe
momentof the error covariancematrix is replacedoy a differentmoment,*) = h®"(R%*))sh{*,
The matrix R% is obtainedby deletingthe first row and the first column of the k£ x k& blocks

in the lower-right cornerof R in (57), and h® is the first columnof R, i.e.,

hc(ak) = [5§k)7€gk)a e 7€((]k7k71)v ggk,kil)a e 75(()k’1)v ggk,l)v U ]T (61)
and
RK-  RUA-D- R&D-
) RE-IW- RU-D o RO-LY
R = . _ . _ (62)
ROM-  RUAD R
where
5516 D)* ggkvp) 6gk,p)
(kp)x  _(kp)x _(kp)
g 9 9
5§k D)* €ék,p)* €§k,p)*
forp=1,---,k—1isthecorrespondingoeplitzmatrix with thefirst row deletedandR¥H)~ =
[ng)—]f_ The matrix R%)~ is obtainedby deletingthe first column and the first row of R,
and asymptoticallylim . RY™ = 1lim Nesoo R,

We also needthe following corollary to Theorem3, which saysthat the asymptotic(/V and
N, — o0) MSE is achieved with finite V;,. Namely we definehi’f}w and Rg‘}\[ askM x 1 and
kM x kM versionsof h) andR", definedby (61)—(62),respectrely. Thatis,

k k k kk—1 kk—1 k1 k,1
hi,])\l = [5§ )7 e 755\/[)76(() )7 T 755\471 )7 5(() )7 T 755\47)1]T
i (k) (kk—1)— (k,1)— T
Re,M+ Re,M+ e Re,M

(kilak)f (kil) (kflal)
R(k) . Re,M+ R’e,MJF e Re,M+
e, M . . .
(lvk)f (lkal) (1)
L Re,M+ Re,M+ U Re,M+ J

where A,;+ denoteshe upperleft M x M block in matrix A.
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Corollary 1: Whenthe channelimpulseresponséhasfinite length,the asymptoticerror mo-
ment can be evaluatedfrom a finite-size error covariancematrix, namely
0o Bt [k 1™
v = ) [RE,] " b, (64

where M > 1+ [#£2]Q, andQ = max{2m(Dy, + Dy,); 1 < ki, ks < k}.
This corollary is a straightforvard extensionof Theorem3.
Substituting(64) into (34)—(36)givesthe asymptoticMSE for the RR SDFE for userk.

C. Parallel DFE (PDFE)

As previously discussedthe PDFE refersto the corventional DFE, in which the feedback
dependson decodedsymbols from previous sampleintervals [29]-[32]. In this sectionwe
evaluatethe performanceof a PDFEwith a RR approximatiorfor thefeedforwardlinearequalizer
only (RR PDFE-L), andthe performancewith RR approximationdor both the feedforward and
feedbacKilters (RR PDFE).The feedbackconsistsf previously decodedsymbolsfrom all users,
e, {si(1), - ,s1(2); 3 8p=1(1)y -, Sp1(2); Sk(1), -+ ysp(i—=1); -+ 58k (1), -+, s(i—1)}.

For the full-rank PDFE, the error covariancesequencet the outputof the linear equalizeris
the sameasfor the SDFE,sinceit doesnot dependon the feedbackHowever, beforeapplyinga
Cholesk decompositiorto the error covariancematrix, the outputsof the linear equalizermust

be re-orderedto reflectthe decodingorder Namely the linear prediction covariancematrix in

this caseis
Reppre = Kyg(I-HR'H)Kgy
R.(0) Re(1) R.(2) - |
Ri(1) R.(0) R.(1
| RO RO R )
RI(2) RI(1) R.(0)
where )
5§K) ggK,Kq) 8((}1(,1)
6((11(—11() 6((11(—1) 8((111(—1,1)
R.(q) = _ _ . _ : (66)
_ ggl,K) 6((}1,1(4) a(]l) |

Kyg is a permutationmatrix (seeAppendix C), and sff"k’) is definedby (53).
Unlike the SDFE error covariancematrix, which hasa finite numberof infinite—sizedblocks,

R. pprr hasaninfinite numberof finite-sizeblocks.Namely the (k, m) block entry, RE’“””), in
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the SDFE error covariancematrix is the error covariancematrix correspondingo usersk and
m, whereaseachentryin R. pprg IS the error covariancematrix acrossusersfor a specifictime
shift.
We have
R ppre| = 1—HR'H]
Hencethe geometricaverageof asymptoticMSE acrossusersis
_ N
Mppre = (M(fo e 'M?(O)Jg{DFE
= lim |I- H'R™'H|x¥

Np—o00

= exp (ﬁ / : In [|T — H'(e™)(H(e/*)H (/) + o”T) " H(e™)]] dw)

- (M(fo e 'M?(O)gDFE

The full-rank PDFE thereforehasthe samegeometricaverageasymptoticperformanceacross
usersasthe full-rank SDFE.

If eachuserhasarank-D linear equalizerthenthe linear predictionerror autocorrelatiorcan
computedfrom (53)-(56) with Dy, = Dy, = D. The geometricaverageof the asymptoticMSE
for the RR PDFE-L is given by

MR rpprp—_r, = 6XP {ﬁ /7r In |SK(ejw)| dw} (67)

where Sy (¢¥) is given by (59).
If userk hasa rank-D, feedbackfilter, thenthe asymptoticMSE for the RR PDFE can be

obtainedin an analogoudorm to (34), i.e.,
Megrpprek = MRrLE-L — &%ZT[\II%Z]’%% (68)

Following the methodfor computingthe momentsof the error covariancematrix associatedvith

the RR SDFEIin the last section,we deletethe first £ columnsandrows of R, pprp to get

h(*) = [8(()k,k—1)’6ék,k—2)’ . ’6gk,K)’5gk,K—1)’ o 7821@,1()’6%1.@,1(_1)’ L (69)
and _
RO70) RO(1) RO
ot
RV — RY(1)] R(0)  Re(l) - .
¢ (k)= o\ T (70)
[Re(2) ) R(0) -
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WhereRé’“)’(i),z’ > 1, isthe (k — 1) x K matrix

i 5#1,1() 5§k71) ggkfl,l) T
62(k—z,K) o ggk—Z,k—l) o 6gk—z,l)
RM=(i) = | k280 . Jh3kh o k3D (71)
i ggl,K) 551,1«_1) ggm |

andR%™(0) = [sg’j)L’jk_Lm’l, is a (k— 1) x (k — 1) matrix, andis obtainedfrom R (0)
by deletingthe first row and column. Finally, Q- hék)T[Rék)}"hgk).

When the length of the channelimpul;se responsas finite, 55]"“’“” =0 forg > Q = 4mD.
Consequentl,yhé’“) = “h%r,o, 0-- } , and Ré’“)(q) = 0 for ¢ > @, so that the asymptotic
momentof the error covariancematrix can be computedas y{"> = hﬁk])vj [Ri’f])\,f]she, w, for ary
finite M > [=21Q + 1.

D. NumericalResults

Fig. 4 shavs performanceresults(output MSE vs. rank) for the RRSDFE-Land RRSDFE
with a MIMO channel.Thereare two equal-paver userswith SNR= 10 dB and two receve
antennasAll constituensingle-input/single-outputhanneldave sevenequal-poverindependent
Rayleighfading taps. The figure shows that for the SDFE the seconduser experienceshetter
performancethan the first userdue to the enhancednterferencesuppressiorand cancellation.
Theseresultsalsoshow thatfull-rank performancecanbe nearlyachiezedwith a relatively low—
rank equalizer Resultsfor the RRSDFEare shavn with a rank-onefeedbackfilter for the first
user andrank-oneandrank-two feedbackfilters for the seconduser The RRSDFEperformance
is closeto the RRSDFE-Lwith a full-rank feedbackfilter.

V. CONCLUSIONS

The output MSE for RR linear and decision-feedbaclkequalizershas beenevaluatedasymp-
totically asthefilter lengthtendsto infinity. The RR equalizersaareconstrainedo lie in a Krylov
subspacewhich canreducecompleity andreducethe amountof trainingneededn anadaptve
mode.The RR DFE is basedon the representatiof the feedforvard filter asa linear equalizer
followed by an error whitening filter. Namely we consideredRR approximationgor only the

linear equalizey andfor both feedforward filters.
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Fig. 4: MMSE vs. rank for RR linear and decision—feedbackqualizerswvith a MIMO channel.

Therearetwo equal—paver usersandtwo receve antennas.

In all casesthe output MSE is easily computedin termsof the channelfrequeng response,
andindicatesthe degradationin performancerelatie to full-rank equalizationasa function of
the equalizerrank. For the single-userSISO channel,the output MSE is expressedn the term
of momentsof the channelspectrumwhich canbe easily computedvia an inverseFFT of the
channelpower spectrumNumericalexamplesshaow that full-rank equalizerperformancecanbe
nearly achievzed with low—rankequalizers.

The MIMO channelmodelconsideredallows for multiple usersandmultiple receve antennas.
The cancellationof ISI andCCl canbe donein differentways,dependingon which symbolsare
assumedo be availablefor feedbackWe have evaluatedoutput MSE with both successie and
parallelinterferencecancellationWith full-rank equalizationwe have shovn thatthe geometric
averageof MMSE acrosauserss the samefor boththe SDFEandPDFE,althougheachgenerally
givesdifferentMSEsfor differentusers.The output MSE for the reduced-ranksersionsof the
MIMO equalizersequireghe computatiorof innerproductsof shiftedchanneimpulseresponses
with momentsof the receved covariancematrix. The asymptoticMSE can be computedeasily

in terms of the MIMO channelfrequeng responseThe resultscan be usedto quantify the
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tradeof betweenthe benefitsof rank reduction,in termsof compleity and corvergencewith

finite training, with the increasein achievable MMSE.

APPENDIX
A. AsymptoticEigernvalue Distribution of Productsof Toeplitz Matrices

Here we introduceand extend somewell-known propertiesof large Toeplitz matrices,which
are neededto derive the MSE expressionsfor the DFEs considered Following [27], we first
define the notion of asymptoticequivalenceof two sequence®f matrices.Givenan N x N

matrix A y, the strongnorm (or spectralnorm) is definedas

TALA
|AN]? = max — NN (72)
X TX
andthe weaknorm (or scaledFrobeniusnorm) is definedas
1
An|? = Ntrace ALAN] = E g |a; ;|2 (73)

=1 j=1
wherex is an N x 1 vector Two sequencesf N x N matrices{Ay} and {By} aresaidto

be asymptoticallyequialentif

| A 1Byl < M < oo VN >0 (74)

Theoem®6: ([27] Theorem2.3)Let {A} and{By} beasymptoticallyequivalentsequences
of Hermitianmatriceswith eigervalues{ay} and {Gy} respectrely. Since Ay andBy are
bounded thereexist finite « and A suchthata < ay; andfy, < Afor k=0,1,--- N — 1.
For ary function F'(z) continuouson [a, A],

lim > Flayy) = lim kS > F(Bni) (76)
N—oco N — N—oo N —

The following theoremextendsthe notion of asymptoticequivalenceto productsof matrices.
In what follows we drop the sequencenotation,and statethat A  is asymptoticallyequivalent
to By.

Theoem?7: ( [34] Theorem2.1) If Ay is asymptoticallyequivalentto Ay, and By is
asymptoticallyequivalentto By, then A yBy is asymptoticallyequivalentto A yBy. If
min{\(Ay),\(Ay)} > a > 0, wherea is aconstanfor VN > 0, thenA 'By is asymptotically
equivalentto A'By.

The following theoremextendsTheorem6 to sequencesf block matrices.
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Theoem8: If Agf;j) is asymptoticallyequialent to A%’j),ijj = 1,---, K, andthe block
matrix Ay = [Ai7)], then Ay is asymptoticallyequivalentto Ay = [A7)].
Proof: It is straightforvard to shaw that (75) holds, since
K
Ay = Ayl = > 1AR - AR -0
ij=1
for finite K. Let x = [xlT x%T, wherex; is an N x 1 vector We can again apply the
Cauchy-Schwartz inequality to show that (74) is satisfied:
XTA}LVANX Z” XzT (Zk:l Ag\r )TAﬁv ])> X;j

. ]

Zi,j,k (XIAE\] )TAE\T )Xz)<X;AS\7 ])TAE\T ])Xj)

<
B 1|2
o S VIPHIGTE 5 bl ]
- x| [
1 i %1%+ |Ixi % [?
o Lo P4l _ oy Sl
2 x| [
= K?’M < o
_ . (4,9) |2
where M = max; ; ||Ay"||3. u
It is shawvn in [27] that the Toeplitz matrix T 5 with first row ¢y, --- ,ty_1 IS asymptotically
equivalentto the circulantmatrix Cy, with first row cgy, - -+, cy_1, Where
o 0<i<|§¥]-1
=9 tiy [§]<i<N-1 (77)
0 i=2%-1 whenN is odd
FurthermoresinceCy hasthe eigen-decompositiof35]
1
Cy = —WAW' (78)
N
where W is the DFT matrix and A = diag[Ag, A1, -+, An_1], Where
N-1
- 2ikm
M= e, k=0, N—-1 (79)
=0

we have the following theorem.
Theoem: ( [27] Theorem4.1) If Ty is a Hermitian Toeplitz matrix with eigervaluesiy g,

thenfor any function F'(x) continuouson the appropriatenterval, we have

N—oo NV

lim — z_: F(Ang) = % / WF(f(ej“))dw (80)
k=0 0
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Whel’ef(ej’“’) is the Fourier Transformof the sequencet_(y_1,--- ,to, -+ ,tn-1}-

The following corollary to Theorems7 and 8 statesthat productsof block matriceswith
Toeplitzblocksareasymptoticallyequialentto the productsof the correspondindplock matrices
with circulantblocks.

Comllary 2: Let Ty, T,y betwo block matriceswith ToeplitzblocksT{"3) andT§%/, 1 <
i,j < K, respectiely. If eachblock is asymptoticallyequivalentto a circulantmatrix C;', 1 =
1.2, definedasin (77), then, T, yT5 y is asymptoticallyequivalentto C; yCon. If Ty x is
positive definite, with eigervaluesboundedaway from zero, then T;}VTQ,N is asymptotically
equivalentto C; } Cs x, whereC, y = [C{{)] and Cy y = [CSH].

Finally, we obsene that Theorem9 canbe usedto show directly thatthe MMSEs for finite—
lengthlinear and decision-feedbaclkqualizersconverge to the classicalformulas(14) and(38),

respectrely. Namely for the linear equalizerwe have
.1 o
M = ]31_1)%0 Ntrace(I—HTR 'H)

1
= lim Ntrace(RR_l —~HHR™)

N—oo

. o’ o
= lim Ntrace {R }

N—oo

1 j/w 02 p
= — - W
2 ), TH@ )P+ o
For the DFE, we have |R,| = [T - HR'H| = |D.| = MY, sothat

S = fim (1 HR H)Y
= lim 02|R_1|%
N—oo
N
1
— 1m0 [[07 (R)) ¥

=1

1 L. o2
= eXp{A}i_)H;ONZln )\—}
i=1 !

1 /“1 o? d
= exp] — n .
P 2r —r |LIH(e?%)]?2 + o? “

wherethe limit andexp can be interchangedrovided that the exponentis bounded(sinceall

derivativesof exp(-) are continuous).
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B. Proof of Theoem2

We have

1
Tog = Jim trace{H'R"H,}

N—o0

: 1 n
= Nh_l:féo Ntrace{R R,} (81)

where H, is a Toeplitz matrix, analogousto (2), with centercolumnh,, and R, = H,H'
is a Toeplitz matrix, with elements{R_x_,,---, Ry — 02,--- , Ry_,}, which are the shifted
autocorrelationsvithout noise.Let C and C, be circulant matrices,which approximateR and
R, respectrely, accordingto (77). Fromthe discussionin AppendixA, R"R, is asymptotically

equvalentto C"C,, so that

1
v, = lim Ntrace{cncq}

N—oo

1
= lim Ntrace{VA”VTVAqVT}

N—o0
1 n
= Nhgéo Ntrace{A Ay}
1 N—-1
= Jim D (HEF)P + o) [ H(eF) T

N—oo
p=0

1 [7 , . ,
= 5= [ (HE@)P + (e Perds
T -7

wherethe last two equalitiesfollow from the eigen-decompositionf C and C, givenin (78)-
(79), i.e.,

1
V = —{exp(—j2mpk/N);p,k=0,1,--- N —1 82
\/N{ p (—j2mpk/N);p } (82)
and
A = diag[|[H(e))? + 02, -+, |H(e>N=DN) 12 4 52 (83)
Aq _ dlag [|H(€j0)|2€jq0, . |H(€j27r(N—1)/N)|2€jq27r(N—1)/N] (84)

To shaw that+;°, = 0 for ¢ > 2m(n + 1) we notethat R" is a 4mn-diagonalmatrix, and
R, is non-zeroonly in the upperright triangularblock boundedby the (¢ — 2m)™ diagonal.If

q—2m > 2mn, thenall diagonalelementof R"R, arezero,sothat~, , = 0 accordingto (81).
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C. Alternative Derivation of MMSE for MIMO Linear Equalizer

From (45), the covariancematrix of the receved vector can be partitionedin block form as

Ry Ri2 -+ Riz
R=HH +oT— | - 2 (85)
| Rz1 R -+ Ry |

whereR;; = S0 | Hi,kHZ;,j + 0%6;_;1 is a Toeplitz matrix. With an infinite-length, full-rank

linear equalizerthe MMSE for userl1 is given by

1
Fea = Jim ttrace {I—HTR—1H1}

N—oo

1
= 1— lim Ntrace {R’lHlHI}

N—oo

.1 _
= 1— Nhinoo Ntrace {R 1R1} (86)

whereR; = HlHT1 can also be partitionedinto Toeplitz blocks. Let C and C; be the corre-
spondingmatriceswith circulantblocks,which approximateR andR., respectiely, asin (77).

Accordingto Corollary 2 in AppendixA, R™'R, is asymptoticallyequivalentto C~'C,, hence

lim %trace {R 1R1} = hm %trace{C 1C1} (87)

N—o0

andfrom (86) we have

1
M7, = 1— lim Ntrace{C 'Ci}

N—oo

1
= 1— lim Ntrace {VA lVTVA;LVT}

N—oc

1 1
= 1— lim Ntrace {A Al} (88)

N—oo
where
v = dlag[V,V, 7V]7

andV is definedin (82). A and A, canbe partitionedinto L x L diagonalblocks given by
Ai,j = dlag ZH ]27rn/N H* ( 72“"/N)+025i_j;n20,1,--- ,N—l
Al;i,j = dlag [H ( JQWk/N)H* ( JQWk/N); n= 07 17 e 7N - 1}

wherel <i,j < L.
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Using the vec—permutatiomatrix K, ; [36], (88) canbe written as

) 1 _
e = 1— lim Ntrace{KL,NR 1K£NKL7NR1K£N}

N—oo

. 1 _
= 1- J\}gnoo Ntrace {R 1R1}

whereK; y is an LN x LN permutationmatrix definedby
1=aN+b+1.0<a<L-1
[KL,NL‘,_;': , j=bL+a+1,0<b<N-1
0, otherwise
The block—diagonalmatricesR andR; are given by
R = diag [H(ej%”/N)HT(ejZ””/N) +0’Ln=0,1,--- , N —1]
Ri = diag [Hi(e?*™N)H (™M) in =0,1,--- N — 1]

so that

N-1
1 . . . 3 .
e = 1— lim — E HI(eﬂm/N) [H(eﬂ“"/N)HT(eﬂm/N)+U2I} 1H1(egzm/N)
n=0

N—oo N
_ - % MY () [H(e™YH () + 0*1) " Hy () dw.

—T

D. Proof of Theoem4

From (51), we have

M /&4?ojx4go. "Jk4zo
OMPEME My,
(k)| 77
g B (89)

where N; = 2N, + 1. Accordingto (50) and Appendix A, we cancompute

€ , €
lim [RM|M = lim [T-H R™H,|™
e 1:k :
Np—o00 Np—oo
1

= lim |[I-R7'H HI,|%

Np—o0

= lim |[T-R'Ry,|™

Np—o0

1
= lim [I—-C™'Cyy|™ (90)

Np—o0
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where C and C;.;, arethe circulantapproximationsof R and R.;, respectrely. Applying the

eigen—decompositiofor C and C,.;, asin the proof of (47), (90) becomes

Nlim IRM| Y = exp {%/ In )I —HI (@) (H(e)HT (e7) + o®T) Y Hyu (%) dw} (91)
p—00 o

Substituting(91) into (89) gives(52). We remarkthat (89) and (91) provide a recursve method

for obtainingthe sequencef userMMSEs in the orderdecoded.
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