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ON THE SPREAD OF CONTINUOUS-TIME LINEAR SYSTEMS*

AVNER FRIEDMANf anp MICHAEL L. HONIGH

Abstract. Given the impulse response h of a linear time invariant system, this paper considers signals
y=h#u with inputs u subject to |u(r)|=1 and asks, for a given 7>0 and y(t,), what is the set of all the
possible values (the “spread”) of y(t,+ 7). This set is characterized, its properties are studied, and it is
computed for some functions h.
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1. Basic definitions and results. Let h(t) be a prescribed continuous function
defined for 0=t < o0 and belonging to L'(0, c0); we refer to it as an impulse response.
Let u(t) be any measurable function for 0=t <o satisfying |u(t)|=1; we refer to it
as an input. The function y(t), defined

y(t)= Jr h(t—s)u(s) ds,

is called the output or the signal.
Given a €R, t,=0, 7> 0, we would like to estimate the range of the output y(r)
attime t = 1, + 7, given that y(#,) = a. More quantitatively, we wish to bound the numbers

7" (e, 7, tg) =sup {y(t,+7); given y(t,) = a},
& (a, 7, t,) =inf {y(1,+ 7); given y(ty) = a}.
Introduce the class of control functions

(1.1) K. ={u e LY(—00,7),—1=u(s)=1, .[ h(—s)u(s) ds= a}

and the functional

(1.2) JT(u]=jT h(T—s)u(s) ds,

and define

(1.3) o'(r,a)= sup J.(u),
ue K,

(1.4) o (r,a)= ”;l<f J- (i
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758 A. FRIEDMAN AND M. L. HONIG

DeFINITION 1.1. The function o(7, @) =0 "(7, @) — 0o (7, @) is called the spread
of the linear system.

The motivation comes from the following theorem.

THEOREM 1.1. For any e« R, 7=0,

(1.5) sup &' (7, 0, 1y) = o' (7, @),

Ip=0

(16) inf (;_(71 @, r{)) = O—_(T'J a):!

=0
and, consequently,

(1.7) sup 6 (7, a, t,) — mj('} o (7, a,ty)=c(r,a).

n=0

Proof. The condition y(f,) =« means that
(1.8) Jllh{r{,—s)u(s)dsza.
0

Writing

tytT

y(‘(}"""'):J‘ h(ty+7—s)u(s) ds

0

and substituting f,—s=—s', u(f,+s')=uv(s"), we get

y(tp+7)= J hir—s)o(s") ds'.
The same substitution applied to (1.8) gives

J h(—s")o(s') ds' = a.

Hence

(T, a, t,) =sup {J. h(r—s")v(s") ds'; v satisfies |v(s')|=1,

o

J h(—s"o(s') ds' = a}.

Extending v(s’) to s'<—t, by zero, we see that o' (7, a, t,) is sup J.(v) when v is
restricted to a subset say K., , of K.,.; hence

(e t) =0 (1, a).

As ty— o0 the subsets K., increase and every u € K, , restricted to a bounded interval
is a function in U, _, K., restricted to the same interval; this implies the equality in
(1.5). The proof of (1.6) is similar.

THEOREM 1.2. For any a €R, 7>0 there exist admissible functions u,, u,, in

K. ., such that

T

(1.9) J(ut) = sup J(u)=o"(r,a),

uek; .

(1.10) Jo(uze) = inf J(u)=0"(7,a).
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Indeed, taking a maximizing sequence u;, we can extract a subsequence that is
weakly convergent in Lj,. to a function u,. It is easy to check that u, is a maximizer
for J,, i.e., u, is the asserted u;,. The proof of (1.10) is similar.

In this paper we study the structure of u., and this enables us to compute the
spread of some linear systems of interest. In § 2 we solve a general maximization
problem, which is then used in § 3 to analyze the structure of u;,. In § 4 we establish
various properties of &(7, @), and in §5 we compute o(7, a) for some examples.
Finally, in § 6 we show that all the results can be extended to the case where y(1,),
y(to+7), - - -, ¥(to+7n_1) are prescribed and the range of y(f,+7x) is sought; here
Bl e (R O

Motivation for studying the function o (7, @) comes from the following problem,
posed in [1] and [2]. For any d >0, T>0 and impulse response h(-), denote by
N....(T, d) the maximum number of inputs u;(s) such that the corresponding outputs
y;(1) satisfy

max |y () -y(n|=d Vi)

Since the mapping u -y, in L™(0, T), maps the set of inputs u into a compact subset,
the number N, (T, d) is finite. We define

: 1 Nm'\‘: T: d -
(1.11) MCT(d) = _JlrirplLij(—"-—)blts,’sec,

and would like to obtain bounds on the MCT(d) for any h(-). Set
*=inf{7|e(7,0)=d}.
Work in progress [3] indicates that

(1.12) MCT(d)é;!;

for any h(-) that satisfies

J [h(—3)] dséj |h(—s)| ds
{hiv=5)/ h(—s)=1} Thiz—s)/h{—s)=1}

for all 7= 7*; the arguments used depend on results derived in this paper. Results
obtained here (in § 6) for the N constraint problem, in which N output values are
specified, can be used to tighten the upper bound given by (1.12) (see [3D.

The problem of computing spread for a discrete-time linear system with impulse
response h;,i=0,1,2,-+,is considered in [2]. This computation is equivalent to
solving a linear program with bounded variables and one equality constraint. Here we
show how the spread can be computed for a continuous-time linear system. Two
examples of special interest are presented in which the spread can be computed by
finding a solution to a transcendental equation.

2. A general optimization problem. Let f(s), g(s) be continuous functions in
o0 < s =0 that belong to L'(—, 0), and assume that

(2.1) f#0 ae.

(2.2) meas {jE:P‘] =0 foranyweR.
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Let
0

K = {u(s] measurable for —c0 <5 <0, |u(s)|=1, j. f(s)u(s) ds=a}

—a

for some fixed a € R, and
0
J(u)=J g(s)u(s) ds.

As in the proof of Theorem 1.2, we can show that there exists a function u,€ K such
that

(2.3) J(uy) =max J(u).

Tueorem 2.1. For any solution u,€ K of (2.3) there exists a number A € R such
that~almost everywhere

i {sgnf(s) if g(5)/f(s)> A,
P L -sgn f(s) ifg(s)/f(s) <A
Note that (2.4) is equivalent to
uy(s) =sgn [g(s) —Af(s)].
Proof. We begin by proving that u, =1 almost everywhere. If the assertion is not
true then the set G,={|uy| <1} has positive measure. Denote by G the subset of G,
consisting of all points t of G,-density equal to 1, such that also f(#)#0. Then
meas G = meas G,> 0.
Take t,, 1> in G(t,# t,) and let G; be a subset of G contained in the 8;-neighbor-
hood of 1,, such that sup, |u| <1, meas G, # 0 and 28,<|t, — t,|. By decreasing one of
these sets we arrive at the situation where

GNG,=0, meas G, =meas G,=8 > 0.

(2.4)

For any real numbers A,, A,, if e is positive and small enough then the function

(2.5) i =uy+A, EX(;‘+A2§XGE

satisfies |¢| = 1. Furthermore, if

(2.6) A, J f(s) ds—i-A:J f(s)ds=0,
G Gs

then [ f(s)i(s) ds = a, so that i € K. Note that (2.6) is equivalent to
(2.7) A f(1)+ A (1) = 0,(80)

for some &,(8,) such that (8,) =0 if §,—>0.
From the maximality of u, it follows that (2.6), or (2.7), implies J (1) = J(u,), that
is,

(2.8) A, j. g(s)ds+ AZJ‘ g(s)ds=0,
; G»

1,

(2.9) Ag(t)+ A.g(t:) = 05(8))

for some o,(8,) such that a.(8,) =0 if 8, 0.
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If we choose

f(1) 0'1(80)
2.10 A = =
jard T )
so that (2.7) is satisfied, (2.9) must then hold and, upon letting 6,0, we get
g(1,) f(12) ]
2.11 A [—74- L) | =
( ) 2 (1) g(t)
Since A, is arbitrary, it follows that the expression in brackets must vanish. Thus
g() _g(t)
(1)) f(t)

for all ¢,, t, in G. Since G has a positive measure, this is a contradiction to (2.2).
Denote by D the set of all points # such that f(t)# 0 and ¢ is a Lebesgue point
of u,. Thus almost all ¢ in (—c0, 0) belong to D. Take any t,, t, in D with

(212) glt) g(t)

1) f(e)
We will prove that almost everywhere
(2.13) uy(t,) =sgn f(1,) implies uy(t,) =sgn f(1,),
(2.14) uy(t,) = —sgn f(t,) implies uy(t,) = —sgn f(1.).

These two statements clearly imply assertion (2.4).

To prove (2.13) suppose the assertion is not true. Then the set G of the pair (t,, t,)
for which (2.13) is not true has positive measure. Choose f,,t, at which G has
density 1. Since f, and t, are Lebesgue points of the function u,() and |u| =1 almost
everywhere, for any 8,> 0 we can find sets G,, G, such that meas G, # 0, G, is contained
in the So—nelghborhood of t;, and

uy(t)=sgn f(t) forall te G,,

ug(t) =—sgn f(t) forall te G,.
By choosing 28,<|t, — ;| and by suitably decreasing one of the sets G;, we get
G,N G, = ¢, meas G, =meas G,. We again form the function (2.5). If
(2.15) Aysgn f(1) <0,  A;sgnf(t)>0,

then |#| =1 if ¢ is sufficiently small.

If we can further choose A,, A, such that (2.6) (or (2.7)) holds, then (2.8) (or
(2.9)) must be satisfied. Condition (2.7) is satisfied by the choice (2.10) of A,, and if
A, sgn f(1,) <0, then clearly also A, sgn f(¢,) >0 provided &, is sufficiently small. We
conclude, after letting 8, 0, that (2.11) must hold provided A, sgn f(t,) <0. Dividing
(2.11) by A, f(t,), we arrive at the inequality

git), glh). -
. f(t) f(fs) i
which is a contradiction to (2.12). This completes the proof of (2.13); the proof of
(2.14) is similar.

From Theorem 2.1 we immediately get Corollary 2.2
CoOROLLARY 2.2. The constant A in Theorem 2.1 is uniquely determined by

(2.16) J. | f(s)] dS—J |f(s)] ds = a;
{2()/f(s)=2) {8()/f(s)=A}
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consequently the maximizer u, is also uniquely determined. As a decreases from
[° 1f(s)| ds to —[° _1f(s)| ds, A = A(a) increases monotonically from

inf {g(s)/f(s)} to S_l_l_lg{g(s}ff&)}-

3. The structure of u, . Choose h(t) as in § 1, i.e.,

(3.1) he L'(0,0)N C°[0, o)

and assume further that

(3.2) h(t)#0 a.e.,

(3.3) meas{04r<oo;h—(1:(+7ﬂ=,\}=0 Vr=0, AcR.

Taking f(t) = h(—t), g(t)=h(7—1t) in Theorem 2.1 and Corollary 2.2, we get Theorem

3.1;
THEOREM 3.1. There exists a unique solution u’,, of (1.9) given by

. h(r—5) N
sgn h(—s) if ———=A",
4 h(—s)
(3.4) Urals)=
‘ Aty =0
oot e
2 ! h(—s)
where A" is determined by
(3.5) J [h(—s)| ds—J [h(—s)| ds=a.
(hiz—s)/hi—s)=r"} {hit—s)/h{—s)1=A"}

Clearly also u,.(s)=sgn h(r—s) if 0<s<m

We now consider a special case.

TheoREM 3.2. If he L'(0,0), h=0, d*(logh)/dt*>0, then there is a unique
solution of (1.9) given by

i, 1 if —o<s<p,
3.6 S):=
(3.6) Ural(s) {_1 f s
and u:'(,(s) =1 if 0<s< 17, where u is determined by
m 0
(3.7) I h(—s) ds—J‘ h(—s) ds = a.
s i

Proof. By assumption,

Bs) . ol ,
—— is strictly increasing;
h(s)

hence
h’('r-ks)> h'(s)
hir+s)  h(s)’
This means that

d h(t+5s)
——>
ds h(s) i
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and thus

h(T—s)

is strictly decreasing in s.
h(—s)

Now apply Theorem 3.1 to complete the proof.

Remark 3.1. If log h is convex (but not satisfying d*(log h)/dt*> 0), then we can
approximate it by a smooth function h, with d’(log h,)/dt’>0. Applying Theorem
3.2 to the corresponding maximizers uﬁ;;_,, we deduce that there is a maximizer u,,
(for h) having the form (3.6), (3.7). There may be other maximizers; for instance, if
h(t)=e ' then every ue K,, is a maximizer. (Note that (3.3) does not hold for
h(t)y=e™")

Tueorem 3.3. Ifhe L'(0,00), h>0, and d’(log h)/dt” <0, then there is a unique
solution of (1.9) given by

-1 if —o<s<g,

(3.8) u::a{s)={1 <80

and ul,(s)=1if 0<s <1, where i is determined by
T 0
(3.9) —J. h(—s) ds+j h(—s)ds=a.
Note that du/dea >0, di/da <0, where u=p(a) and g = u(a) are defined by
(3.7) and (3.9), respectively.

4. Properties of the spread. Theorem 3.1 implies that

0'{T,a)=j [sgn h(—s)]h(T—s) ds

hir—s)/h{—s)=A"}

—j [sgn h(—s)]h(T—5) ds+_[rlh('r—s)| ds
{hir=s)/hi=-s)<a™} 0
(4.1)
= J M |h(—3)| ds
{

h(r—s)/h{—s}=A"} h(-s)

_j B8 i)l ds+r|h(—.r—s}| ds
{ 0

hiz—s)/h(—s)=r"} h(—s)

where A" is determined by (3.5). Similarly, we can show that

U-"(T’Q)Z_J A= ()]
(42] {hiz—s)/ h(—s)=A"}

+j |h(—s)| ds—j |h(7—s)| ds
{h(r—s)/hi—5)=A"} 0

where A~ is determined by
(4.3) —[ |h(—s)| ds+J |h(—5)| ds = a.
{hit—s)/h(—s)=A"} {h{r—35)/h(—s)=<=A "}

As a decreases from [, |h(s)| ds to —J, |h(s)| ds, A (@) decreases monotonically
from sup,—o {h(7—5)/h(—s)} to inf,_o {h(z—s)/h(—s)}. Also, A(0) =A7(0).
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Combining (4.1) and (4.2) gives the spread

—G(T,a)=5[6f'(7, a)-o (7, a)]

2

(4.4) =j Alg: 1h —s)| ds
i

hir—5)/ h(—5)=Ap1} lh(_'
hiT 13
—J. —-—|h(—s)! dv-l-J‘ |[h(7—s5)| ds
{hir—s)/hi—s)=A,} h(—

where Ay, =max (A ,A") and A,,=min (A ,A7).
THEOREM 4.1. There holds

do (7, a .
Brlr o) o

(%) da

Proof. Since A" (a) is a monotonically decreasing function of @, we can write

(4.6) I [h(—s)| dS"“j |h(=s)| ds=a—Aa
{hir—si/hi—s)=a"+Ar} {hir—s)/hi—s)=a"+ar}

where AA, Aa are positive. Subtracting (4.6) from (4.1) gives

(47) ’ J eion
At <h(r—s)/h(—s)<at+anr}

From (4.1), (4.6), and (4.7),
hlr—

<h(r—s)/h(—s)<A +_\A} h(

G+(T,a)—a+(7,a—Aa)=2J |h(—s‘)| ds
o

=[A"+e(AN)]Aa

where £(AA)—=>0 as A\ -0. Letting Aa >0 gives do'/da=A". A similar argument
shows that do /o = A

THeEOREM 4.2. (i) o™ (7, @) is concave in &, ¢ (7, &) is convex in a, and thus o (7, a)
is concave in «:

(ii) " (7, @) =—0"(7, —a) and therefore o(r, a) =0 (1, —a),

(iii) do(m, @)/da=0if a >0,

Proof. Assertion (i) follows immediately from Theorem 4.1 and the fact that
dA " /ada (AA ~/aa) is negative (positive) for all a. Assertion (ii) is obvious from the
definition of ¢ . Finally, since o(, a) is concave in a (by (i)) and do (7, @)/da =0 at
a =0 (by (ii)), (iii) follows.

We now specialize to the case where either log h is convex, so that

" 0 T

(4.8) cr*(r,a)zj h(r—s) ds—j h(r—s) dS+J h(s') ds'
e H 0

where u is determined by (3.7), or log h is concave so that

0

h(t—s) ds+'[rh(s’}ds’

G
(4.9) D’+(T.,a’)=—J h(t—3s) ds+J
-0 ;E
where & is determined by (3.9).
TueoreM 4.3. If h'<0 and log h is convex or concave, then
do’* (T, a)

4.10 ==
( ) ar
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Proof. 1f log h is convex, then from (4.8) we get

do (T, a) e Y.d
OF e OE o o) ol e -
P J:a oa h(r—s5) v+J I hir—s)ds+h(7)

=2h(7)=2h(7—pu)=0.

Similarly, if log h is concave then

9 + s d 0 d

_C_’%z j_xah(fr—s) ds—L - h(r=s) ds-+h(r)
=2h(7—p)>0.

Finally, the second inequality in (4.10) follows from the first inequality and Theorem

4.2(ii).

5. Examples. If h(t)=exp {—k(1)}, where k(t)—>00, k convex (k concave), then
log h is concave (convex). For h(1)=(t+ a)” where a>0, b>0, log h is convex.

We now consider two functions h(tf) of special interest.

THEOREM 5.1. Let

N

(5.1) h(t)= 3% a;e®  (a;>0,B,>0).
i=1

Then d*log h/dt*> 0.

Proof. As in the proof of Theorem 3.2, the assertion is equivalent to showing that

d h(r—s) _ h(-s)Za;B;e %% — h(r—s)ZaB; e**
ds h(-s) h(—s)

is negative for any 7> 0. But the numerator is equal to
T Y aBiay(e BT B _ gy (T
=33 a8, e P8 e P —e~)
=133 am e BB (e P — e 7B + By (e — e PT)]
=155 aq e R(B— B))(e P —eP)
and each term in the last sum is negative if 3; # B;.
For the function (5.1), the p determined by (3.7) is given by
E E(Z Pt —1)=a.
i=1 B
The next example is
(5.2) h(t)=e "' cos wt (8=>0,w=>0).
Since

hlr=g) 3)
h(—s)

e P7(cos wT+sin ot tan ws),
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we can check that the optimal solution u_ ., which for simplicity we will denote by
u,, satisfies

2n+1
sgn h(—s) if y—nw<ws(—%,

ug(s) =

_(2ﬂ+3)".’7

—sgn h(—s) if 5

<wS<7y—nmw

ifn=0,1,2,-+-,and

—sgn h(—s) if —w/2<ws<min (y+x,0),

un{S):{ sgn h(—s) ifmin(y+70)<ws=0

where y€[-3#7/2, —m/2] is to be selected such that

(5.3) J‘ h(=s)uy(s) ds = a.

Recalling (5.2) we can check that

i {—1 if y—2nr<ws<y—-(2n-—-1)m,
Upl 5§ ) =
" 1 ify—Qn-Dr<ws<y-2(n-1)m

forn=1,2,---,and

-1 if y<ws<min (y+m,0),
1 if min (y+ 7, 0) < ws <0.

UO(S}={

Setting y'=min (y+, 0) and using the formula

b
j h(—s) ds z—Re{

a

[e—(ﬁ"'!'m)h Ty e—[3+iw}a]},

B +iw

we can compute

0 % (y—(2n—)m)/w (r=2(n—-1)m)/w
I h(—=s)ug(s) ds= Y, [_J‘ h(—s) ds+'[ h(—s)ds]
-0 (

n=1 y=2nmw)/w (y=(2n=1)w)/w

Y/w (1]
—J h(—s) ds+J h(—s) ds.
viw y/w
After somewhat lengthy calculations we get the expression
1+e " B—iw
s —B'z’r,-"w+ 2 2
1-e B te

(5_4) Re &e(ﬁ‘“w)?f‘ﬂ [1_2e(ﬁ+iw)y'!w+efﬁ+iw)yfw] ;
52"'&]2

or

)3 2 e.ﬁ'n’w 9 eﬂ"f’fw

+ + = A ?_"_ = ' :
524‘&’2 (,82+w2)(] _e—.smfu.) (B cos y+ sin y) ,82+w2 (B cos y'+wsin y')
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Hence (5.3) determines y by the following formulas:

q LB/ w
1 ——75 (B cos ytwsiny) = a(w’+BH+B if —m<y<O0,
—e
2 ePvie S
(5.5) T—o P +2 P07V (B cos y+w sin )
—e ;e

=a(w?+B) -8 if B3a/2<y<-m

J h(7T—s)uy(s) ds =Re {j g PR Rl (8) d.s'}
= Re{e' J I ho(—5)up(s) a’s}

and the last integral is equal to the expression in braces in (5.4), we find that

Since

2 eﬁil'}f_.fml-—.‘)
oc(na)=—7—> e cos (y—wt)+ w sin (y — o7
) B o)) (l—¢ ;;.._.m)[ﬁ (Y ) Y )]
e‘f‘h T
—m—z (B cos wr—w sin w7) +J |h(s)| ds if —7<y<0,
(i) 0
2 elii[l'}f'-‘:.rl.a":.u- T}
ocf(r,0)=—7— ——[B cos (y—wT)+ o sin (y— oT)
(B +w)(1—e ,r%,.,U} [JB (y | ]
—8T T
e 37
+——— (B cos T —w sin wT) + h(s)|ds if ——<y<-m
Bt (B cos wr— w sin @T) L |A(s)| ds 1 5 =7 T

6. Several constraints. The results of the previous sections can be extended to the
case of several constraints. In fact it all hinges on generalizing Theorem 2.1 to the

problem
(4]
(6.1) mz?\_xj g(s)u(s)ds
where K, is the set of all measurable functions u(s) satisfying
(6.2) —1=u(s)=1 for —c0<s5=0,
0

(6.3) J fi(s)u(s)ds=a;, (i=1,2,--+,N).
Here g and f; are given functions in L'(—0,0)M C°(—00,0] and a; are given real
numbers.

THEOREM 6.1. Assume that f, # 0 almost everywhere and that, for any real numbers
Mgy, ™ s NS

N
measure{g= ¥ ,u,-_;‘;} =0.
1

| Then there exist SequUences U, A, Qim With u,, - u, weakly in Lic, 0y m=0a, 0 m=>
for 2= i= N, where u, is a maximizer of (6.1), and

N
{64} u,,,{s}=sgn {g(.&}— L )‘r‘rn;‘:{“)]v
i=1
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(6'5) -[ .ﬁ(s)um{s} ds — ai‘m (f — l'r 2, Sy N)'

Thus to evaluate (6.1) we need to analyze the u,, from (6.4), (6.5) and then compute
Iol gu,,, noting that

J__ 2()n(s) dwj

—o0

(1]

g(s)uo(s) ds =max J g(s)u(s) ds

—co

Proof. For any small > 0 introduce the “penalized” functional

0 1 N 0 2
(6.6) .L,[u}zJA g(s)u(s)ds—— Y [J f,—(s}u(s}ds—a;]
. Ni=zl)-o
and consider the problem
(6.7) maximize J,(u) forueK

where K consists of all functions u satisfying
0
-1=u(s)=1, J- fls)ds=a,.

Proceeding as in the proof of Theorem 2.1, we deduce that if |ti| = 1, where u is defined
by (2.5) with u,=u,, then (2.6) implies

2N 0
Alg(ﬁ]"'Azg(fz)_; 3 (.[ S, ds_ai)(Alﬁ(tl)+A2ﬁ(’2)){=:0'2(6(!)

i=2 —00

where u, is a solution of (6.7) and o,(8,) = 0if 8, 0. Taking 8, 0, we get the inequality
N N
A, [g(h) = )t;-_nf,-(h)] +A; [g(!a) = f\,-,ﬂf}(fz)] =0

for some scalars A;,,. We can now proceed as in § 2 to deduce that meas {|u,|<1}=0;
furthermore,

(6.8) un(s)=sgn[g(s)—_z_ )«.-.nf,-(-v)]-

We note that
Jn(u,,)gj,?{ﬂ) VieK;

from this inequality it follows that

%gz [jo fi(s)u,(s) ds— a,-]z =, C independent of 7.
Hence, as n =0,
(6.9) a,-‘nEJ‘nﬁﬁ(s)un{s) ds - a, (2=i=N).

It is also easy to verify that for any convergent subsequence u, (weakly in L},.),
the limit u, is a solution to problem (6.1). Indeed

[} 1] o
(6.10) J,,(uﬂ)éj. gu, ds{maxJ‘ guds=J gil, ds

ue K ., —e0
where K, is defined as K, but with

a2:a2,nr' = )aN:a}\’,n'
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Since a;,—> a;, if we take n to vary in a subsequence of 7, such that i, - i weakly

in L/,., then j‘“ i g:?n»»r’ .ghand iieK, (ie., i satisfies (6.2), (6.3)). Denoting by u,
any solution of (6.1)-(6.3), we then have

(1] 1]
J gil ds‘::J gu, ds;
also, by maximality of u, (see (6.7)),
J gu, ds=J, (u,) = J, (u,).

Using these relations in (6.10) and noting that

0 0
J gu, ds - J guy ds,
0 0 1]
J g, ds = J gu, ds = max J gu ds.

Thus u, is a solution to (6.1)-(6.3). Recalling (6.8), (6.9) completes the proof of
Theorem 6.1.
Remark 6.1. The A, satisfy

we conclude that

J. fils)ds— J‘ fi(s)ds=a; (1=i=N).
{2=5A, mf] (g=ZA; i}

From these equations we should be able to determine the A, ,,, at least in some relatively
simple examples, and show that A, > A; (A; finite) as m -0, this would imply that

N
Uy = sgn[g(s)— b5 r\,-_!.'-(.s‘)],

i=1
J. (8 ug(s) ds = «; for 1=j=N.

Remark 6.2. Theorem 2.1 can actually also be proved using the penalized

functional
0 ] 0 2 0 iy }2
j guds —— (J fuds— a-) — J L ”ti' ds.
o N \J_x o LS

Remark 6.3. Consider the problem

(6.11) max J(u)

ue K

where K is the set of all inputs u that satisfy

(6.12) J. : h(t;—s)u(s) ds = aj, F=1, = ;N

and where J.(u) is defined by (1.2) and 0=, <L, <' <IN <INFT
Set

(6.13a) ot(rit,ay, Iy ON) = max J(u),

{6.13b) G (T e O B R ) miS F(1r):
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Then there exists a solution to (6.11) if and only if

|y '=J’ |h(s)| ds,
(6.14) “

— +
o (o, o, 0 )Se=0 (G L, o, 0, oy, @),

If we assume h(s) =0 for s <0, the conclusion of Remark 6.1 becomes

)
sgn |:h('r— s)— Y Ak —s)}, H<S<tu,
(6.15) u(s) = o

N
sgn I:h(r—;) = ¥ A,h(r,-—s_}}, s<t

where A,, - - -, Ay satisfy (6.12).
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