The Price of Free Spectrum to Heterogeneous User:

Thanh Nguyeh, Hang Zhoti, Randall A. Berry, Michael L. Honig* and Rakesh Vohfa
*EECS Department
Northwestern University, Evanston, IL 60208
{hang.zhou, thanh, rberry, h@eecs.northwestern.edu
fCMS-EMS, Kellogg School of Management
Northwestern University, Evanston, IL 60208
r-vohra@kellogg.northwestern.edu

Abstract—Adding unlicensed spectrum, such as the recent : . : :
opening of the television white spaces in the US, has the patél A key assumption is that each SP in the unlicensed band

to benefit customers by increasing competition, but may also EXPeriences a congestion cost that depends ofotaktraffic
increase congestion. In an earlier paper, we presented a metl in that band (due to both incumbents and new entrants). This

for studying the effects of adding unlicensed spectrum to an is motivated by the likelihood that secondary users sharing
existing allocation of licensed spectrum among incumbentsvice  \hite space within a given region will interfere with each

providers. Assuming that customers choose providers baseitie o oyen if they are associated with different SPs. Inresht
sum of announced price and a congestion cost, it was shown

that the social welfare can decrease with additional spectm. (€ congestion cost in a licensed band is due only to the
Here we extend this work in two key ways. First, in the earlier traffic of the SP holding the license. A model was presented

work all customers traded-off congestion costs with annouced based on the framework for price competition in markets
prices in the same way. Here, we consider a heterogeneous poofor congestible resources developed in the operations and

of customers who may have different trade-offs. Second, the P B ;
earlier work focused on the overall welfare including both hat of economics literature [3]-{7]. It was shown in [2] that folth

service providers and customers. Here we characterize cusner MO0del considered, adding white space to an existing altoeat
surplus as well as total welfare. In particular we show that with  Of licensed spectrum can actuatigcreasdotal (customer plus
homogeneous customers, customer welfare is non-decreagin SP) welfare.
while with heterogeneous ones it can decrease. An assumption in [2] is that the customers hoenogeneoys
meaning that they have the same value trade-off betweea pric
paid for the service and congestion cost. In practice, this i
The Federal Communications Commission has recentiflikely to be true, and it might be expected that adding
announced a new policy for the use of spectrum assignedyfite space may help to differentiate the market and aléocat
vacant broadcast television channelswdnite spacegl]. The white space to those customers that prefer to trade-off more
ruling states that this white space can be used as an urgidensongestion for a lower pricé.
spectruncommonsanalogous to the model for spectrum usage Here we consider an analogous model as in [2], but with
associated with WiFi devicdsWhile this change in policy heterogeneousustomers. Specifically, we assume two user
potentially allows valuable unoccupied spectrum to be put roups ("high-QoS” and “low-QoS”) with different price-
productive use, it can also influence the market for Seerescongestion trade-offs. Our model shows that with additiona
existing licensed bands. unlicensed spectrum, SP profits always decrease (for bath ho
More specifically, introducing unlicensed bandwidth alongmogeneous and heterogeneous customers). More interésting
side service providers (SP) with licensed bands has sevefait with heterogeneous customers adding unlicensedrapect
consequences. First, it increases the supply of spectruin @an also decreaseustomersurplus. Thus, additional unli-
lowers the costs to entrants SGEKing to offer wireless sesvi censed spectrum can reduce aggregate welfare for producers
The increased competition among SPs should lower pricesgigd customers in the market. In contrast, with homogeneous
customers of wireless services. HOWeVer, this benefit isedff customers customer Surp'us a|WayS increases.
by increased traffic and associated interference, which prothe intuition is that to maximize revenue the SPs may in-
duces lower Quality of Service (QoS) (e.g., smaller threuglrease the price to shift customers to the unlicensed batisl. T
puts and/or larger delays). applies to both homogeneous and heterogeneous customers;
In previous work we have studied the effects of addingowever, with heterogeneous customers this can produce a
unlicensed spectrum to an existing allocation of liceng#tts giscontinuous change in demand. Specifically, we show that
trum among incumbent wireless Service Providers (SPs) [k the amount of white space increases, an SP has an incentive
to switch from one equilibrium in which both high- and low-

I. INTRODUCTION
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1An additional constraint for TV white space is that unlicesgransmitters 2Unlicensed spectrum may also encourage new types of wirslesvices
must not interfere with reception of active broadcast islem channels. that allow for offerings that better match customer needs [8



QoS customers are served, to another equilibrium in whiahits licensed band ang in the unlicensed band and serves
a smaller number of high-QoS customers are served. This= z!+z! andz = 2% +2! customers, respectively. The
shifts more low-QoS customers to the white space increasisgperscripté and/ denote high customers and low customers
congestion there. Hence when this switch happens, the crespectively. Thenj's profit 7; is given bym; = p,x; +p’z}.
tomer surplus decreases along with SP surplus. FurthermoreThere is a congestion externality suffered by customers
the surplus is strictly smaller than without the additiowhite served by SPs. This externality is perceived differently by
space. the two different classes of customers. Details on how the
We also show that the customer surplus can be a complisstomers perceive congestion externalities are giveren t
cated function of the amount of white space added. There gaext section.
be many break points between which the customer surplusf SP i's licensed band serves a mass = z + z! of
increases, decreases, or stays the same. In contrast, avithdustomers, then each customer served in this band expesienc
mogeneous customers the customer surplus is nondecreagingngestion cosk;(z;), where the nature of this loss will de-
with the amount of white space, and the total surplus has gpend on the bandwidth of the licensed band and the technology
local (global) minimum. Our results suggest that adding nesieployed by SR. Congestion suffered in the unlicensed band,
spectrum as a commons to existing allocations for exclusiiewever, is a function of thétal mass of customers served
use may not be optimal in terms of social welfare. in the unlicensed band. Specificallyaif’ = 2" + ! is the
Structure of the Paper: The remainder of the paper ismass of customers served by & the unlicensed band, the
organized as follows. We describe the model formally in theongestion suffered by each customer served in the unkcens
next section. In Section Il we discuss the impact of unlgezh band isg(X ") whereX™ = 3. -z}’ is the total number of
spectrum on customer surplus in both heterogeneous aildclasses of customers served in the unlicensed speétrum.
homogeneous user models. Section IV characterizes sodiie congestion cosg(X™) also depends on the bandwidth
welfare as a function of the amount of additional unlicenseaf the unlicensed band. In Section IV we consider the case
spectrum. Technical proofs are given in the appendix. wherel; is fixed andg is varied according to the available

bandwidth of the unlicensed spectrum.
Il. THE MODEL
ustomers

Our model is an extension of the standard model of networ ] ] ]
pricing games with congestion effects [9]. The economy con- CUStomers choose an SP based ordlevered pricewhich

sists ofservice provider{SPs) and two classes ofistomers IS the weighted sum of the price announced by an SP and the
with different sensitivity to congestion costs. In partamy congestion cost she experiences when served by that SP. For

we assume there are two classes of customers with high atfer's high customers, the_delivereql pri_ce in her_licensed band
low sensitivity to congestion cost who are referredhigh IS Pi +Anli(x:) and the delivered price in the unlicensed band
customers(h) and low customers((), respectively hereafter. IS i’ +Ang(X*) where,, > 0 represents the high sensitivity
SPs have their own licensed bands. The investment costs fbcongestion cost of this customer. The delivered priceafor
acquiring these (e.g., via government auctions) as welhas OV customer in SH's licensed and unlicensed band can be
infrastructure for exploiting them are considered sunkhi t d€fined correspondingly as + Aili(x;) andpi’ + Aig(X™)

stage. Besides the licensed bands, there is also an urditery¥here; > 0 represents the low sensitivity to congestion cost

band available for use by all SPs. There is no cost for aggyiri®f this customer. Naturally, we assumg > A _
such a band as by design it is open for any provider to 1he demand for services from the two classes is governed

freely use. Exploiting such spectrum does require investmd two downward sloping demand function,(p) and Di(p)
in infrastructure, which we again consider sunk at this sfag With the inverse functior’, (¢) and £(¢), respectively. Both

Examples of such unlicensed bands are the WiFi band and §i2SS€s Of customers always choose services from the SPs
TV white spaces. with the lowest delivered prices defined above. When facing

the same delivered price from multiple SPs, customers are
Service Providers assumed to randomly choose one of the SPs. Thus SPs with

Let AV be a set ofN SPs. Each SP has her own licensetie same delivered price will draw the same customer mass in
band and may also use the unlicensed band. An entrant in gggiilibrium.
unlicensed band can be modeled as an SP with a licensed bafging Game and Nash Equilibrium

of capacity zero. We consider a game in which SPs move first and simulta-

The SPs cor_npetg for a_‘" classes_ of customers by S'muq‘?éously announce prices. Then, customers choose SPs based
neously choosing prices in the unlicensed band and/or their

own licensed bands. SPs are assumed to set a flat price féw stands for “white space”. For the white space case, the FG@sl

all classes of customers and serve all customers who accdpt ype of user to transmit as long as no substantial imenbe is
caused to primary spectrum users (TV broadcasters andséidewireless

their posted price. Suppose a $Bets priceg; for service microphone users) [1]. There are constraints on transmiepantenna height

and power spectral density. However, there are no additicoastraints to

SMoreover, these costs for a provider who also operates iensied reduce the interference among different white space ubtweeover, due to

spectrum may be reduced as the provider could reuse partsedfcensed the propagation characteristics of the correspondingor&diquencies, such
infrastructure. interference effects will be greater than in the WiFi band.



on the delivered price. Qn = enrl + XvhandQ, = 3, 2t + Xv! are the
Given a price vector(p,p*) the non-negative demandtotal number of high and low customers served in the market.

vector (xP x!, xP x%1) induced by(p, p®) must satisfy in _
the licensed bands: DEFINITION 3: Suppose for some price and demand

vectors,W;l and W are the resulting delivered price for high
class and low class customers, respectively. Then thermegsto

pi+ Mli(z) = Po(Qn)  if 2l >0 surplus is given by
pi + Anli(zi) > Pr(Qn) if 2l = Qn . Q .
pi+ Nli(z) = P(Q)  if 2l >0 Qo 5 :/O (Pn(q) - Wh)qur/O (Pi(q) = W)dg  (4)
pi+ Nili(zi) > P(Qi) if f = where @, and Q; are defined the same as in Definition 2.
and in the unlicensed bands: Fig. 1 provides an example of an equilibrium feomoge-

neouscustomers. There are two SPs and unlicensed spectrum
in the pricing game. The mesh area on the top represents the

P+ Mg(XY) = Pu(Qn)  if 2l >0 customer surplus, while the shared area within the red eonto
P+ Ang(X™) > Pr(Q if ah = represents the social welfare. Note that social welfardnés t
P 4 ANg(X™) = P(Qy) it 2 >0 @) sum of customer surplus and revenue of all SPs.
Py +Ng(XY) > P(Q)  if af = P(q)
4 Customer surplus

where Q, = >, (z! + 2") is the total number of high
customers served in the market, agd= ", (z! + z!) . In

other words, the demand for each SP is such that no customer
can lower the delivered price she pays by switching SPs.

Remark: It can be shown given a price vector, the cor-
responding demand vector satisfying the above conditions
always exists and is the solution to some convex program.
This result is summarized in Appendix F.

—x——2I2 —+— XA

DEFINITION 1: A pair (p,p%) and (x", x!, x%h x"1)is f Q /
a pure strategy Nash equilibrium&", x!, x%¥P, x"!) satisfies
equation (1) and (2) givel(lp pw) and no SP can improve Fig. 1. lllustration of pricing game with two SPs and unlised spectrum.
her profit by changing prices.

<y

In the most general case of demand function and Iaten&ﬂu'“b”um Price in Unlicensed Spectrum

Nash equilibrium might not exist. The main goal of this paper We first characterize equilibrium prices in the unlicensed
is to study the impact of unlicensed spectrum on existifgand. The result serves as a building bloc*k fo*r the analysis
market. We will consider special cases of demand curve sushthe succeeding sections. Let* and (x®",x!") denote

that the game has a unique equilibrium. the Nash equilibrium price vector and demand vector in the
. licensed bands, while®* and (x*»",x"!") denote the cor-
Social Welfare and Customer Surplus responding equilibrium prices and demands in the unlicgnse

Next, we define thesocial welfarein this market, which band.
represents the total surplus of both producers (SPs) and . . .
customers angustomer surpluswhich is the welfare gained -emma 1: If (p*,p®*) and (x"",x!",x™*", x¥!") form
from the consumption of the service by the consumers aloé NE, thenp®* = 0.

DEFINITION 2: Suppose(xh, x!, x"P x™1) is the de-  Intuitively, this is because all of the customers in the un-
mand vector induced by some price veatprp™) according licensed spectrum experience the same (weighted) congesti
to (1) and (2). Thersocial welfareis given by costs. Thus a SP with positive price in the unlicensed band

always has a strictly profitable deviation of decreasing her
Qn Q . . L. .
SW — / Pu(q)dq +/ Pi(q)dg — Z Azl () price. Therefore, the equilibrium price in the unlicensethd
0 0 bayvs ¢ must be zero for both classes of customers. The proof of
Lemma 1 is a simple extension of Theorem 1 in [2], and thus
=37 Nalli(a) = Mg(XT)X - Ng(X)XMD (3) gl P 2]
ieN '

Lemma 1 suggests that in the unlicensed band, competition
where Xv = Xwh + xwl Xl and X™! are the number of will force the prices to be zero and SPs will earn zero profit in
high and low customers in the unlicensed band respectivellyat band. Competition in the unlicensed band can also eeduc



prices in the licensed band and decrease SPs’ profits there.a¥stomer surplus is strictly smaller than when there way onl
shall see examples of this in later sections. Moreover,esiniicensed spectrum.

all SPs have zero profit in the unlicensed band, the volume
of customers each SP serves there does not affect her profit
or the equilibrium. Thus, we only focus on the total customer
mass of each clas§ " and X*" in the unlicensed spectrum
hereafter.

Customer Surplus

IIl. CUSTOMERSURPLUS WITHADDITIONAL v
UNLICENSED SPECTRUM :

In this section we analyze the change in customer surplus
when additional unlicensed spectrum is added to an existing
market of wireless services offered in licensed spectrum. W Co c
show that when customers are homogeneous, thay,is; \;
then adding additional unlicensed spectrum can only make
the delivered price decrease, which indicates an increase
in customer surplus. However, important difference emerge Figure 2 illustrates the customer surplus as a function of
with a heterogeneous model: as the capacity of unlicensédlicensed spectrum’s bandwidth. Numerical examples are
spectrum changes, the incumbent SP may switch the class@¥gn in Appendix E. These examples show that in fact at
of customers she is serving to maximize her revenue. §fy social surplus can be as low &swhile before licensed
particular, suppose that the incumbent SP serves both high gpectrum is introduced customer surplus is positive. tively
low class customers with no unlicensed band (to maximize H&is phenomenon can be described as follow.
revenue), then intuitively, for an unlicensed band with Bma Consider the case where before unlicensed spectrum is
enough capacity, the incumbent will keep serving both elssdntroduced, the provider charged a pripethat serves both
of customers. While for an unlicensed band with large enougfpes of customers. In particular all high customers and a
capacity, the incumbent will choose to raise the price amgese fraction of the low customers are served at this price. Let
only high customers, causing a drop in customer surplus Tit be the total revenue of this scenario. Note that the provider
effect is clearly absent in the homogeneous model and isan also charge a high enough prige such that at this price
very robust prediction. In particular, we show that the @ffe only high customers use the service. We assume the resulting
described above islways present in heterogeneous modelsevenue undepy is Ry < R.

Fig. 2. Customer surplus as a function of unlicensed barapgcity

for general demand curves and latency functions. ~ Now, some amount’' of unlicensed spectrum is introduced
More formally the results in this section are stated ify the economy, which creates competition with the provider
Theorem 1 and Theorem 2 below. As a result the optimal revenu®: will decrease inC.

THEOREM 1: Consider an incumbent SP with licensedPPserve that whei@' is small the provider will also change
spectrum in a homogeneous model, Ae= \,,. Let Dy, D be the pricep by a small amount such that at this price both

the delivered prices at equilibrium before and after untised YP€ Of users are still served, but whehis large enough the
spectrum is introduced, respectively, thBg > D. provider will have an incentive to suddenly increase theeori
and in many cases she could rajsap topy to eliminate low

We note that Theorem 1 is not trivial and proved bwpe customers and still obtain a revenudif from the high
contradiction. If Dy < Dy is assumed, then by using theypes. When such price raise occurs, high customers need to
convexity of latency functions we can contradict the fa@ttth pay a higher price thus their surplus is dropped. On the other
Dy is the delivered price at which the incumbent maximizegand, the lower customers now need to use the unlicensed
her revenue. The formal proof of Theorem 1 is given iBand, which will be highly congested. As a result, the cugom
Appendix A. surplus decreases.

_ The following theorem describes a drop in customer SurplusHowever, to show the general result in Theorem 2 we need
in the case of heterogeneous users. to prove that there is always@, where the SP switches the

THEOREM 2: Consider a heterogeneous model with &lass of targeting customers and when she does so customer
single incumbent that serves a mixture of different custom@urplus drops. The formal proof is rather interesting and is
types before unlicensed spectrum is introduced. Then thé&fgen in Appendix B.
exists aCy > 0 such that when the bandwidth of unlicensed Our results in this section suggest that congestion is a very
is increased fromC,, to C{, the incumbent will increase important and distinctive element of spectrum market. Our
her price discontinuously to serve high customers exadisiv results can be seen as an contrast with markets without con-
which causes a drop in the customer surplus. gestion, where a market segmentation that emerges as & resul

Moreover, there exists a range of parameters such that competition usually indicates improvement in efficieraay
whenC;" bandwidth of unlicensed spectrum is introduced theustomer surplus.



IV. SociAL WELFARE WITH ADDITIONAL UNLICENSED  and the unlicensed spectrum cannot serve both type of cus-
SPECTRUM tomers at the same time. The proof of this lemma is given

In this section we analyze the social welfare as a function Appendix C. Note that Lemma 2 holds for markets with

of unlicensed spectrum bandwidth. It has been shown in O%Hbitrary number of incumbent SPs and general forms of

previous work [2], that even in a homogeneous model socféqggeit'on cost functions. . i for both
welfare may worsen as additional unlicensed spectrum _is urtber,,W?_ assurgebcoggestéonhcostsllare w:jea;)r c;r 0;

introduced. This phenomenon is reminiscent to the famoli¥YM ents licensed ban an the un icensed band. T_ €
Braess's paradox in congestion games [10]. However tH‘,,;q:umbent operates on the licensed band with the congestion

difference here is that the paradox is caused by the sen/f@t
providers rather than by the users.

As shown in Section Ill, in the heterogeneous model, 3fhe pandwidth of the unlicensed band @& > 0. The
increase in unlicensed spectrum bandwidth not only causegfygestion cost in the unlicensed band is o
decrease in the incumbent’s revenue, but can also reduce the

l(x) =bx, whereb> 0.

customer surplus. Thus, clearly additional unlicensedtspm g(x) = acz.
can also decrease the social welfare in the heterogeneous . .
model Here we assume thats is some parameter decreasing(t

In the homogeneous model, although social welfare is n%?z when tr_10 ur;lu_:ensed sg_ectrum Its Oper? thgn-= C.X)I' i

a monotonic function of unlicensed spectrum bandwidth, i S mentioned In preceding section, ‘now soclal wellare

changes in a rather simple manner. It has only a single lo anges with the capacity 9f unllcgnsed band depends on the

(global) minimum. We will show that with heterogeneou itial statg gf tt?we mafkeg "?" \.’tv:'cr,: cla}_ss(es) dOLCU?O:_n b

customers, the social welfare as a function of unlicensed g € Served by the incumbent without unficensed band. 0 be

capacity can be much more complex. specific, there are three possible scenarios with two daske
We again consider a simple scenario, where a single f?_‘gsr:grpnirjﬁ\bent initially serves hiah class onl

cumbent (monopoly) operates on a licensed band before | é Y Y Y

: . 1) the incumbent initially serves low class only and
unlicensed band is open. One or more entrants can then er{lﬁrh y y

the market using the unlicensed band only. The incumbent d the incumbent initially serves mixture of high and low

. : X . ClAsSS
also offer services on the unlicensed band. A particulax®bo in thi . f S i It be sh
demand function is assumed for simplicity in this section. 'tah n this section, we focus on Scenaii . It can be shown

“box” demand function corresponds taiamass of customers Sat S|r.n|llar rssglts anlcli- |n1s_|r?hts can also bfhac;/lv)ta?;d for
with a common valuation of¥/ for receiving services. This cenariol) and Scenaridi). Thus, we assume ho PV

e A
corresponds taP(q) being a constantV’ for 0 < ¢ < Q Qn, Qi A\, and \; are chosen such that Scenaiiip is true:

and then dropping to zero far > Q. Customers with such  THEOREM 3: Assume

a demand function choose an SP as long as its delivered

price is at mostiV. Note that a box demand function is Wn < m and Qy < mm{ﬂ,u}. (5)

uniquely determined by the tuplgV, Q). We will use this An Al 2bAn" b(An — A1)

type of demand for two classes of customers with dema@bnsider an incumbent SP with licensed spectrum that

(Wh,Qn) and (W;,Q;). Moreover, it is also reasonable toserves all of theQ;, high customers and;, < Q; low class

assuméV;, > W, andQ;, < @y, i.e., the high class customerscustomers in the absence of unlicensed spectrum. If uisizen

have high valuations for the service and there are more I@pectrum with capacity C is added, then the social welfare

class customers than high class customers. at a NE, which is denoted b§W (C), can be described as
We first observe that if the incumbent is serving both classgsglows. There exist < ¢, < ChL <0y <C3<Cy <00

of customers in her licensed band, then the there will only Bgch that

low class customers in the unlicensed band. On the contrary,

if there are both classes of customers in the unlicensed band constant for 0<C <y
at equilibrium, then there can only be high-class custorimers monotone decreasing forC; < C < ()
the licensed band. This result is summarized in Lemma 2. SW(C) is non-decreasing for Co < C < Cs
Letz" > 0 andz! > 0 be the number of high and low class monotone decreasing forCz < C < Cjy
of customers in the incumbent’s licensed spectrum. Sityijlar monotone increasing forC' > C;
let X*" >0 and X*! > 0 be the corresponding numbers of
customers in the unlicensed band. An illustration of ST (C) is shown in Fig. 3.
Lemma 2: (i) If 2" >0 andz' > 0, thenX“" =0 and Remark: The assumptions in (5) are not essential for our
X >0. results, but they focus our attention on one specific scenari
iy If X¥h>0andX® >0, thenz! =0 andz" > 0. and simplify the analysis.

This lemma also suggests that incumbent’s licensed spBCtru Sit can be shown that this is always feasible.



SW(C
(©) serves only high customers at a relatively high price and

the unlicensed spectrum has no impact on the monopoly.
Therefore, increasing capacity will improve the congestio
the unlicensed band, hence the social welfare is nondécgeas

Remark: Theorem 3 shows that the social welfare, unlike that
in the model with homogeneous customers, can be very com-
plex. Moreover, it suggests that as long as there is conetit
between the services in the licensed and unlicensed bands on
a certain class of customers, there can be a decrease off socia
welfare with increasing additional unlicensed spectrum.

>

C, CiCs c; O -

A numerical example supporting Theorem 3 is given in
Appendix E. Moreover, a description of the impact of differe
unlicensed band capacity, such as incumbent's price and
revenue and social welfare is given along with the example.

Fig. 3. Social welfare as a function of unlicensed band'sacip

Sketch of the Proof: The formal proof of this theorem V. CONCLUSION

is given in Appendix D. The main idea is sketched as follows. \jotivated by the recent FCC ruling on television white
Before unlicensed spectrum is added, the monopoly set prgi?ace, we have studied a model for adding unlicensed spec-
po and served?y, high class customers antdy < Q; IoW  trym to a market for wireless services in which incumbents
class customers. We refer this as timgtial state of the game. paye licensed spectrum. We found that with heterogeneous

First of all, it can be shown that there exigts > 0 such cystomers if the amount of unlicensed spectrum is not suffi-
that whenC' < (1, the quality of service in the unlicensedcjent, then adding unlicensed spectrum can decrease both th
band is not good enough to impact the monopoly or the initigfovider's revenue and customer surplus. This effect istdue
state. Since the customer surplus is shown to be zero in tifia assumption that any SP can use the unlicensed spectrum
case (Section Ill), social welfare remains the same. for free to compete with other SP’s having licensed bands.

By Lemma 2, the monopoly and the unlicensed spectrutthis suggests that in similar settings a better policy may be
cannot serve both classes of customers simultaneousiyn Th@e that restricts the direct competition with existing $§s
there are three possible scenarios with additional urdieen allowing only specific services to use the white space or by

spectrum: allocating the additional spectrum as licensed spectrum.

1) the monopoly serves a mixture of both classes and theQur work examines a particular scenario within the broader
unlicensed band serves low class, area of spectrum market design. There one of the main
2) the monopoly serves high class and the unlicensed bafgestions is how to assign, or design mechanisms for asgigni
serves low class spectrum according to a mix of licensed, unlicensed, and
3) the monopoly serves high class and the unlicensed bafithamic models (markets) in which SPs can trade spectrum
serves mixture of high and low classes. assets over relatively short time periods. Approachesltingp

Because of Theorem 1 and the fact that the monopolytisis general problem will require richer models of inteiaet
the only strategic agent in the game, the NEs of the garamong SPs and customers as well as more refined models for
can be described as solutions to the monopoly's revenim interaction among spectrum assets.
maximization problems. By comparing the optimizations for
each of the three scenarios listed above, it can be shown that
there existC, > 0 and C3 > 0 such that forC < Cs, the A. Proof of Theorem 1

monopoly maximizes her revenue in Scenatipwhile for  \wve will prove this theorem by contradiction. First, we
C = C5 the monopoly maximizes her revenue in Scena&jio jntroduce the following notations.

APPENDIX

and finally Scenari@) is optimal forC' € [C2, Cs]. ~ Consider a general situation, & be the delivered price.
Now, the line ofC" has been divided into three interestin@siven such delivered price, letbe the number of customers
regions:[C1, Cal, [C2, C3] and [C3, oc]. in unlicensed band and, p be the number of customer and

For C in [C1,C5] and [C3, 0], it can be shown that the the price of the licensed band such that the resulting delive
game corresponding to each scenario can be transformediice is D. See Figure 4.
either equivalent or special cases of the game in the modiel wi In particular, we will consider the following three pricing
homogeneous customers. Thus the result for homogenesitisations: 1. Before unlicensed spectrum is introduced an
customers (Theorem 3 in [2]) can be applied to characteridg®® monopoly maximizes the revenue. In this case Iigt
SW(C) and show the existence @f; and Cy. Note that it be the delivered price. Because unlicensed spectrum was not
is possible thatC’, > C5 in which case we simply defineintroducedag = 0 and thusDy = I(zg) + po. 2. After
C = Cs. a fixed amount of unlicensed spectrum is introduced and
Finally, for C' € [C5, C3], it can be shown that the monopolythe provider charge a price to maximize revenue with the



competition with unlicensed spectrum. In this scenarios waurthermore, we also have
denote the parameters by, p1, x1,a;. Lastly, We consider
the situation where the provider charges a prigeso that ay(Do —U(z3 + a1)) < a1 (D1 = Uz1 + a1))
un_der_ the competition with unlicensed band, the delivergfbcaused, < D; andxs + a; > z; + a1. Thus, we have
price is Do = Dy. In such case, lets, as be the number
of customers in licensed and unlicensed band, respectively

We will assume thaD; > Dy = D, and show thapszs > R(x3) — R(zo) > p1v1 — (D1 = U(z1 + a1))(z1 + ax)
P11, vv_hu_:h is a contradiction because the provider is assum%reover,
to maximize revenue at;.

To see this, we first observe that because > D, and
lw(a1) = Di;ly(az) = Da, thereforeas < a;. Second
consider the function

R(z) = (Dy — l(x))x = (Dg — l(x))z.

(D1 — l(x1 + a1))(x1 + a1) corresponds to the
revenue of the provider would achieve before unlicensed ban
is introduced if he charge the pricB; — I(z1 + a;) thus,

" R(xo) > (D1 — (21 + a1))(z1 + a1). Therefore, we have

R(zs) > praa,

Becausel(z) is a convex functionR(z) is concave and it \r/]v_hlch is a contradiction to the fact that the provider opties

. . . . is revenue.

is assume that in scenario 1 (before unlicensed spectrum IS

introduced) the provider achieves maximum revenuB@fy,). B. Proof of Theorem 2

Therefore,R(z) is an increasing function fror to xy. Thus,

We first need to prove the existence@f where SP wants
we have

to change the class of targeting customers. To see this, we
R(x2) > R(w2 + az — a1) = R(x3). will show that when the unlicensed spectrum bandwidth is

large enough, the optimal revenue is obtained when the SP
Herexs = z3 +az — a1 < 2. Thuszs + a1 = 22 +az2. NOW, only serves high customers. Thus, because of the assumption
becauseD; = Dy < Dy we have that before unlicensed spectrum is introduced the SP sarves
mixture of the two types, there must be(g bandwidth of
unlicensed spectrum at which the SP switches from serving
Furthermore, because; + a; = z2 + as > x1 + a1 we have both types to high customer.
T3 > 2. Givenod > 0 let z5 be the optimal point of

Now consider the difference
Rs = mfx{x (0 =1(x)}. (6)

R(z3) — R(wo)

To + a2 > 11+ ag.

o o ) R; is the shaded area in Figure 5.
As seen in Figure 4, this is the difference between areand Clearly, [(z5) < 6. We will chooses small enough such

B, which is that the inverse demand for the high customersaiis at

R(x3)— R(z0) = x3(I(x3+a1)—1(x3)) —a1(Do—I(z3+ay)). 1€aStAnd. Thatis Py = i

Note that becausé&), (x) is decreasingi(z) is increasing and
Anl(0) < P (0) thus, we can always choose suth- 0.

Now consider a situation where there is only unlicensed
spectrum and there are only low customers. Cgtbe a value
such that if the bandwidth of unlicensed spectruni’js then

p the the latency of the unlicensed banddisWe will show
that in the setting with the incumbent SP whén= Cj the
E optimal revenue of the incumbent is obtained by serving high
o m customer only. .
To see this, observe that when serving both types of
Fig. 4. Social welfare as a function of unlicensed band'saciip customers the delivered price for lower customers cannot be

higher than);6. This is true because we know that when
Similarly, consider the difference betweefi and B’ in serving both types of customers, the users on unlicensed spe
Figure 4 we have trum is the lower types and because we hayebandwidth of
unlicensed spectrum the congestion on unlicensed is at most
Py = (D1 = @1+ a1)) (21 + ar) = §. Therefore, the optimal revenue that the incumbent SP can
w1(l(z1 + a1) — U(z1)) — ar(Dy — l(x1 + a1)). obtain while serving both types can be at most

Now because:s > z; andi(z) is convex, we have max{z - A6 —1(2))} = ARy,

za3(l(zg +a1) — l(zs)) > z1(I(x1 + a1) — I(x1)) where R; is defined in (6).



However, if the SP charges the prige= A\, (6—1(z5)), then C. Proof of Lemma 2
the equilibrium is that no low type customers uses the liedns e prove the lemma in the general setting with arbitrary

spectrum and:s high customer uses the service in the licensgq, nper of SPs in the set’. Moreover. assume the general
band. This is true because the congestion of unlicensed b%ﬂgestion function associated with each SB(. Let 2

is g(z) = 0, the delivered price for low customers on Iicenseg!;I +2l and X = Xwh 4 xul,

band is First, we show that it is NOT possible that some S&nd
Ml(z5) + A (6 = U(zs)) > Nl(zs) + M (6 — U(zs)) = N6 the unlicensed band can serve both classes of customess at th

i same time. If so, by (1) and (2) we have
Thus, no lower customer would choose to use licensed band.

On the other hand the delivered price for high customekgdis pi + Anli(z;) = Apg(X™)
therefore no high customer would use unlicensed band either pi + Nli(z) = Mg(X™)
Now, in this case, the SP’s revenue is

p-xs = AnRs > N Rs.

But since fracp; + Anli(zi)ps + Nili(w:) < 3= given A, >
A, the equalities cannot hold.
Next, we prove(i) suppose there exists somes N with

Py(2) price p; such thatz”? > 0 andz! > 0, then we must have
@) pi + Anli (@) = W
And : pi + Mili(i) = W'

according to ( 1) wheréV¢ and W, are the equalized deliv-
ered prices for high and low classes customers respectively
Xwh >0, then by (2), we have

o |t Ang(X™) = W,
P ()

Since
Zs Ag(XY) Wi pi+ Ali(wg) - An

W, Wi pitNi(z) TN
we have \ig(X®™) < W;. This implies X*! > 0, which
This shows that whe@' = Cs the incumbent SP only servescontradicts the first result. Therefo€“” = 0 if 2 > 0
high customers. Therefore, there existd & Cy < Cs such andz! > 0.

Fig. 5. Improving revenue by targeting only high typed costes

that if the unlicensed bandwidth is increased froip to C, Finally, we prove(ii). SupposeX®” > 0 and X™! > 0.
the incumbent has incentive to switch the class of customershere exists somé € A such thatzt > 0, then it can be
and target only high types. similarly shown that:? > 0 which implies a contradiction.

Consider this transition, whefl = C;; the unlicensed band
is open to all low typed customers and they do not have otHer Proof of Theorem 3
choice, thus the delivered price for lower customers must beTo prove this Theorem, we first give the following lemma.
non-decreasing compared with whéh= C; . Let =, z; be
the number of customers of high and low types in licensed Lemma 3: Let X" and X'V be the number of high
band andX ™ be the number of customer on unlicensed barghd low class customers served at equilibrium in the unli-

atC = C; . We have censed band of capacity. If
Al + @) +p = Mg(W™). Wn W
An Al

Thus, the delivered price for the high customers at that time ) ] )
is and congestion costs are linear, then for all unlicenseddban

capacityC' > 0, if X" > 0, thenxV'" = Q.

A
Ml +20) +p < S=(Nl(@n +21) +p) = Mg (W), . . _
Al The proof of this lemma is attached at the end of the section.

This means that high customers strictly prefer the licenséeémma 3 implies that given the inequality, as the capacity of
band to the unlicensed one. unlicensed band increases, low-class customers will joén t
Now, at C = C; the the quality the unlicensed bandservice in the unlicensed band first and followed by the high-
has worsen. Therefore, the incumbent also has incentivectass customers.
raise the delivered price for high customers. This shows tha Suppose before unlicensed spectrum is added, monopoly set
the delivered price for low types is non decreasing and tipeicep, and served);, high class customers ang < @, low
delivered price for high types increases discontinuowgfiych  class customers. We refer this as timitial state of the game.
concludes the proof. Sincex;y < Qy, itis clear thalWld = po+Nb(Qn+z10) = Wi,



First of all, letC; be such thak;g(Q;—z10) = Miac, (Q;— the constraints in (9) and(10) must be loose for< Cs.
x19) = W. It can be seen that fa?' < (1, it must be ture that Therefore,r5(C) is essentially independent df, i.e. 5 (C)
Aac(XY) =W, and X% < Q; — xj9. Thus the unlicensed is constant forC' < C5. On the other hand, whe@i > Cs, it
band has no impact on the monopoly and the initial statan be seen that constraint (8) will be loose since
holds. Since in this case the unlicensed band does not iraprov W
customers surplus, social welfare remains constant. NacX? < Nac@Q; < /\l—h < Wy,

By Lemma 2, the monopoly and the unlicensed spectrum A
cannot serve both classes of customers simultaneousiy Tihere the last inequality is due to (5). Then it can be seen
there are three possible scenarios with additional undieén that Problem (P2) and (P3) only differ in the constraint of

spectrum: X" such that(P3) has a strictly large feasible region that
1) the monopoly serves mixture of both classes and tt&(2). Therefore we have;(C) > ro(C) for C' > Cjs].
unlicensed band serves low class, Next we compare Problems (P1) and (P2). The initial state
2) the monopoly serves high class and the unlicensed bantplies thatr, (Cy +¢) > r2(C; + ¢€) for small enough > 0.
serves low class Further, it can be seen through simply algebra thac) is

3) the monopoly serves high class and the unlicensed bamgh-increasing inC. Also, r»(C) is constant forC' < Cs.
serves mixture of high and low classes. Thusri(C) andr2(C) must intersect at some point denoted

Because of Theorem 1 and the fact that the monopoly by C,. Moreover, by the assumption on the initial state, we
the only strategic agent in the game, the NE of the garhaveC, < Cs. Therefore, the claim is proved. (See Fig. 6 for
can be described as solutions to the monopoly’s revenaigumerical example of the monopoly’s revenue.)
maximization problems. Given the initial state, we have the Finally, we examine the monotonicity ofW (C) in

following optimization problem (P1) for Scenarib [C1,Cs], [Ca, C3] and [Cs3, 00).
_ For C € [C:,C5], by Claim 1, NE is corresponding to
C)= P1 )
g?xw r1(C) = p(Qn+ ) (P1) the solution of Problem (P1). It can be seen that (5) implies
Stp+ Mb(Qn+21) < Wy (7) that the constraint in (7) is always loose fér < Cs.
P+ ANbQL + 7)) = Nac XY < W, Therefore, by settingt = Q; + 2; and rewriting the last

constraint ast + X% < @ + @Q; — 9, the problem can
be transformed into a problem corresponding to a game with

where 71 (C) denotes the optimal revenue the monopoljomogeneous customers. Then we apply Theorem 3 in [2] and
achieved withC' in Scenariol. The problem for Scenariosconclude that the social welfare of low class customers will

r+ XY <Qr—x0 and p,x;, X" >0

2 (P2) and3 (P3) can be similarly written as first monotonically decrease and then increase.
B P2 For C € [Cq,C5], we examine Problem (P2). Since the
oo, r2(C) = pz (P2) monopoly’s revenue is independent 6f the social welfare

S.t. p+ b < Wy, coming frqm serying high class customers stays constant.
However, increasing”' will decrease the left-hand-side of

MacX® < Wi ®)  constraint (8), thus possibly reduce the delivered pricatfe
p+Nbr > Nac X" (9) low class customers as will increase the social welfare from
Anac XY > p+ bz (10) the low customers. Thus, the overall social welf&i& (C') is
p>0, 0<z<Q,and0< X" < Q, non-decreasing.
ForC € [C3, 0], it can be seen that ™ = Q;+X™". Then
and Problem (P3) can be transformed into a problem correspgndin

(P3) to a special case of the homogeneous model with congestion

max 73(C) = pzx
P, X +(C) =7 function in the unlicensed band d8§z) = ac(Q: + z). It

St p+ Apbr = A\pac XY < Wy, can be shown through simple algebra that Theorem 3 in [2]
P+ bz > Nac XY can be extended to such case. Thus the social welfare from
Ve X < W high customers can be shown to decrease first until sGme
e =" then increase monotonically. Note that the social welfewenf
< QpandX" < Qn+Q and p,x, X > 0. the low customers may increase f0r> C3. However, it can
Claim 1: There existCy, < Cs such that be seen that the s in (5) ensures that the decrease of high
class customers’ social welfare exceeds the increase @flsoc
r1(C) = max{ri(C),r2(C),r3(C)} for C < C; welfare of the low class customers. Therefore, we conclude
r2(C) = max{r,(C),r2(C),r3(C)} for C2 < C < C3 that SW(C) will first decrease until sondey and then increase
r3(C) = max{ri(C),r2(C),r3(C)} for C > Cs. monotonically.

_ _ i This completes the proof of Theorem 3.
To prove this claim, we first compare Problems (P2) and

(P3). LetCs be such thatwe, = %. Now we examine Proof of Lemma 3: Let z be the number of customers
(P2). Because of the assumptions on the initial state and (&rved in the licensed band am¥iv* = Xwh" 4 xwi*,



SupposeX™"" > 0, then we have\;g(X**) < W,. We Remark: In the numerical example, we found the social

prove this lemma for three possible equilibrium scenarios. welfare, as a function of the capacityin the unlicensed band,
Scenario 1 The Incumbent’s licensed band serves higis not monotone. As shown in Fig. 6, there are two regions of

class customers at equilibrium. To show such we need to sh6iw [0, C5] and [Cs, C4] where social welfare decreases. Note

that \;g(X™™) < W;. This is ture since thatC, > C for the parameters in this example, so we define
\ \ C} := Cs. Also, since the incumbent served all of both classes
Ag(X") < )\—l)\hg(Xw*) < )\—lWh < W. of customers(; in Theorem 3 does not exist. Thus we set

h h Cl = 0.

Scenario 2 The Incumbent’s licensed band serves both high Comparing social welfare and incumbent’s price in Fig. 6,
and low class customers at equilibrium. Then the result Vg find that the two regions where social welfare decreases
automatic by Lemma 2. are also where incumbent’s price rises. This phenomenon is

Scenario 3 The Incumbent’s licensed band serves loweminiscent to that in the model with homogeneous customers
class customers at equilibrium with prige which implies and can be explained in a similar way. Namely, the incumbent
Ang(X¥*) < p+ Apl(x*). Now, we have may benefit from raising her price since this may reduce the

A\ A\ congestion in her licensed band and worsen the quality of
Mg(X*) < ZLx (XY < Zhip+Anl(az*)) < p+Al(z*).  service in the unlicensed band.

A A In particular, there are three stages(asncreases.
This implies that the unlicensed band serves all of the low Facing the competition from the service in the unlicensed

customers, i.eX*!" = Q. B band asC increases, the incumbent will eventually “retreat”
) from serving low class and suddenly increase her price to
E. Numerical Example serve high class customers only to gain higher revenue. This

corresponds to the jump in the monopoly’s price and the drop
in social welfare and customer surplus in Fig. 6Cat

Thus the first stage correspondsioe [0, Cs]. In this stage,
the service in the unlicensed band and that of the incumbent’
licensed band will be competing dow class customers while
the incumbent still serves all of the high class customeeseH
we have the sam observation that social welfare decreases as
a result of the rise of the monopoly’s prfcand congestion
in the unlicensed band.

The second stage is whem € [Cs, Cs]. This is the stage
in which the market is sorted. Namely, unlicensed band serve
‘ ‘ ‘ o ‘ only low class and licensed band serves high class customers
005 01 015 02 025 03 035 04 Thus increasing capacit¢’ has no impact on high class

= customers but improving the congestion in the unlicensed

social
welfare

0 005 01 015 02 025 03 035 04

12

0.5

surplus

customer

n 4
o ijﬁ 1 band. Therefore, the social welfare is constant or incngasi
ES 1 : in this stage.
g=os H J Finally, when C' € [C5,00], the unlicensed band and

08 005 01 o015 02 025 03 035 04 licensed band will be competing on thégh class customers

: s while all of the low customers are being served in the

£ 1) 1 unlicensed band. Similarly, the observation is that thdasoc
é g 1f : 1 welfare decreases first as the increase of the monopolys pri
3308 - 1 " until C reacheg”,; and then eventually starts to increase as
£ e— ‘

T o% o4 the quality of service in the unlicensed band improves.

o 005 01 015 02 025 03
sz .036 C3:0.244 C4=0.26

Unlicensed band capacity C F. Existence of user equilibrium given price vector

Lemma 4: Given a price vecto(p, p*) the induced non-
Fig. 6. An example where the incumbent served both classsiljn negative demand vectQkh, x!, xWh, xwl) is the solution to

Let W, = 16, Q, = 1, W, = 0.85 and Q; = 1.3, 6This is true given the assumptions on the initial state aedagsumption

_ _ _ _ in (5). In general, the incumbent may not benefit from indreaser price
)\h. 0.4 a.nd Al 0.1. S.et {(z) @ and g(z) .x/C' in this case. This is because higher price may decrease théeruof high
Without unlicensed band, it can be shown that the incumbe&iiss customers she is serving thus decrease her revenue.

SP would set pricepy = 0.62 to serve all of low class "This is true given the assumptions on the initial state apdl(bgeneral,

customers to maximize her revenue. The numerical resultssggial welfare may not decrease. This is because althowgbatial welfare
high class customers may decrease due to the incre#fse imcumbent’s

. . , . fro
social Welfare’ C.UStomer surplus and mcgmb_ents price aBﬁg, the social welfare from low class customers alwayseases as the
revenue with unlicensed band are shown in Fig. 6. capacity in the unlicensed band increases.



the following maximization problem
Q" P Q' P,
max / Pila) 4, 4 / 2la) 4, (Pu)
o A o N
_ Z(pi:v? +prat | p +P§“w§’”)
)\h /\l

iEN

m;‘Jrzg X
- Z/ li(z)dz—/ g(z)dz
0 0

1N
S.toal, b 2Wh 2 > 0vie N

whereQy, = Y, (ah +2¢"), Q =3, (2} + z!) and X* =

PP (Ilﬂh + 517;””[)

The above lemma can be easily proved using complementary
slackness. If the inverse demand functioRs and P, are
concave and congestion functionp and g are convex, then

it can be seen the Problem (Pu) is a well-defined convex
optimization which always have solutions. Furthermorehéd
objective function in (Pu) is strictly concave, the therasex
unigue such demand vector. Otherwise there may be multiple
such demand vectors which are equivalent.
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