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Abstract

In the interconnected world of today, large-scale multi-agent networked systems are
ubiquitous. This thesis studies two classes of multi-agent systems, where each agent
has local information and a local objective function. In the first class of systems,
the agents are collaborative and the overall objective is to optimize the sum of local
objective functions. This setup represents a general family of separable problems
in large-scale multi-agent convex optimization systems, which includes the LASSO
(Least-Absolute Shrinkage and Selection Operator) and many other important ma-
chine learning problems. We propose fast fully distributed both synchronous and
asynchronous ADMM (Alternating Direction Method of Multipliers) based methods.
Both of the proposed algorithms achieve the best known rate of convergence for this
class of problems, O(1/k), where k is the number of iterations. This rate is the first
rate of convergence guarantee for asynchronous distributed methods solving sepa-
rable convex problems. For the synchronous algorithm, we also relate the rate of
convergence to the underlying network topology.

The second part of the thesis focuses on the class of systems where the agents are
only interested in their local objectives. In particular, we study the market interaction
in the electricity market. Instead of the traditional supply-follow-demand approach,
we propose and analyze a systematic multi-period market framework, where both
(price-taking) consumers and generators locally respond to price. We show that this
new market interaction at competitive equilibrium is efficient and the improvement in
social welfare over the traditional market can be unbounded. The resulting system,
however, may feature undesirable price and generation fluctuations, which imposes
significant challenges in maintaining reliability of the electricity grid. We first estab-
lish that the two fluctuations are positively correlated. Then in order to reduce both
fluctuations, we introduce an explicit penalty on the price fluctuation. The penalized
problem is shown to be equivalent to the existing system with storage and can be
implemented in a distributed way, where each agent locally responds to price. We
analyze the connection between the size of storage, consumer utility function prop-
erties and generation fluctuation in two scenarios: when demand is inelastic, we can



explicitly characterize the optimal storage access policy and the generation fluctu-
ation; when demand is elastic, the relationship between concavity and generation
fluctuation is studied.
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Chapter 1

Introduction

1.1 Introduction

In the interconnected world of today, large-scale multi-agent networked systems are
ubiquitous. Some examples include sensor networks, communication networks and
electricity grid. While the structure of and interaction within these systems may vary
drastically, the operations of these networks share some universal characteristics,
such as being large-scale, consisting of heterogeneous agents with local information
and processing power, whose goals are to achieve certain optimality (either locally or
globally).

Motivated by the need to enhance system performance, this thesis studies multi-
agent systems in the context of two types of networks. The first type of networks
consists of cooperative agents, each of which has some local information, represented
as a local (convex) cost function. The agents are connected via an underlying graph,
which specifies the allowed communication, i.e., only neighbors in the graph can ex-
change information. The system wide goal is to collectively optimize the single global
objective, which is the sum of local cost functions, by performing local computation
and communication only. This general framework captures many important appli-
cations such as sensor networks, compressive sensing systems, and machine learning
applications. To improve performance for this type of networks, the thesis will de-

velop fast distributed optimization algorithms, both synchronous and asynchronous,
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provide convergence guarantees and analyze the dependence between algorithm per-
formance, algorithm parameters and the underlying topology. These results will help

in network designs and parameter choices can be recommended.

The second type of systems is where the agents are only interested in their local
objective functions. We analyze this type of networks through an example of elec-
tricity market. The agents in this system are generators and consumers. One feature
that distinguishes electricity market and other markets is that supply has to equal to
demand at all times due to the physics of electricity ﬂows.ﬂ The traditional electricity
market treats demand side as passive and inelastic. Thus the generators have to follow
precisely the demand profile. However, due to the physical nature of generators, the
generation level cannot change much instantaneously. In order to ensure reliability
against unanticipated variability in demand, large amount of reserves is maintained
in the current system. Both the demand-following nature of generation and large
reserve decrease the overall system efficiency level. To improve system efficiency, the
new smart grid paradigm has proposed to include active consumer participation, re-
ferred to as demand response in the literature, by passing on certain real-time price
type signals to exploit the flexibility in the demand. To investigate systematically
the grid with demand response integration, we propose a multi-period general mar-
ket based model, where the preferences of the consumers and the cost structures of
generators are reflected in their respective utility functions and the interaction be-
tween the two sides is done through pricing signals. We then analyze the competitive
equilibrium and show that it is efficient and can improve significantly over the tra-
ditional electricity market (without demand response). To control undesirable price
and generation fluctuation over time, we introduce a price fluctuation penalty in the
social welfare maximization problem, which enables us to trade off between social
welfare and price fluctuation. We show that this formulation can reduce both price
and generation fluctuation. This fluctuation penalized problem can be equivalently

implemented via introducing storage, whose size corresponds to the penalty parame-

! An imbalance of supply and demand at one place can result in black-out in a much bigger area
and hence pose significant challenge to the reliability of the grid.
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ters. We then analyze the properties and derive distributed implementation for this
fluctuation penalized problem. The connections between fluctuation and consumer

utility function for both elastic and inelastic demand are also studied.

In the following two sections, we describe the two topics in more depth and outline

our main contribution for each part.

1.2 Distributed Optimization Algorithms

1.2.1 Motivation and Problem Formulation

Many networks are large-scale and consist of agents with local information and pro-
cessing power. There has been a much recent interest in developing control and
optimization methods for multi-agent networked systems, where processing is done
locally without any central coordination [2], [3], [5], [68], [69], [70], [36], [71], [6].
These distributed multi-agent optimization problems are featured in many important
applications including optimization, control, compressive sensing and signal process-
ing communities. Each of the distributed multi-agent optimization problems features
aset V ={1,..., N} of agents connected by M undirected edges forming an under-
lying network G = (V| E), where E is the set of edges. Each agent has access to a
privately known local objective (or cost) function f; : R™ — R, which depends on the
global decision variable x in R"™ shared among all the agents. The system goal is to

collectively solve a global optimization problem.

min »  fi(x) (1.1)

=1

To illustrate the importance of problem (1.1), we consider a machine learning
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Figure 1-1: Reformulation of problem (1.1)).

problem described as follows:

N—-1
min Y 1 ([Wiz = bi]) + 7 |||l ,

i=1
where W; corresponds to the input sample data (and functions thereof), b; represents
the measured outputs, W,z —b; indicates the prediction error and [ is the loss function
on the prediction error. Scalar 7 is nonnegative and it indicates the penalty param-
eter on complexity of the model. The widely used Least Absolute Deviation (LAD)
formulation, the Least-Absolute Shrinkage and Selection Operator (Lasso) formula-
tion and [; regularized formulations can all be represented by the above formulation
by varying loss function ! and penalty parameter 7 (see [I]| for more details). The
above formulation is a special case of the distributed multi-agent optimization prob-
lem (L), where fi(x) = [(Wiz—1b;) for i = 1,...,N —1 and fy = m|lz]|;. In
applications where the data pairs (Wi, bi) are collected and maintained by different
sensors over a network, the functions f; are local to each agent and the need for a

distributed algorithm arises naturally.

Problem (1.2)) can be reformulated to facilitate distributed algorithm development
by introducing a local copy z; in R™ of the decision variable for each node ¢ and impos-
ing the constraint x; = z; for all agents ¢ and j with edge (7, 7) € E. The constraints
represent the coupling across components of the decision variable imposed by the

underlying information exchange network among the agents. Under the assumption
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that the underlying network is connected, each of the local copies are equal to each
other at the optimal solution. We denote by A € RM"*N" the generalized edge-node
incidence matriz of network G, defined by A @ I (n x n), where A is the standard
edge-node incidence matrix in RM*Y. Each row in matrix A represents an edge in
the graph and each column represents a node. For the row corresponding to edge
e = (i,7), we have the A, = 1, flej = —1 and A, = 0 for | # i, j. For instance, the

edge-node incidence matrix of network in Fig. is given by

(1 -1 0 0 0|
0o 1 -1 0 O
i o 0 1 -1 0 |
1 0 0 -1 0
o 1 0 0 -1
00 1 0 —1]
and the generalized edge-node incidence matrix is
[ 1 —I(n xn) 0 0 0 ]
0 Ilnxn) —I(nxn) 0 0
A 0 0 I(nxn) —I(nxmn) 0
I(n x n) 0 0 —I(n x n) 0
0 I(n xn) 0 0 —I(n xn)
i 0 0 I(n x n) 0 —I(n xn) |

where each 0 is a matrix of size n X n with all zero elements.

The reformulated problem can be written compactly as

N
' i\ T 1.2
iy > fi) (12)
st. Ax =0,
where z is the vector [z, 29,...,2y]. We will refer to this formulation as the edge-
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based reformulation of the distributed multi-agent optimization problem. We also

denote the global objective function given by the sum of the local objective function:

F(z)=>_ fi(z:). (1.3)

This form of objective function, i.e., a sum of local functions depending only on local
variables, is called separable.

Due to the large scale nature and the lack of centralized processing units of these
problems, it is imperative that the solution we develop involves decentralized compu-
tations, meaning that each node (processor) performs calculations independently on
the basis of local information available to it and only communicates this information
to its neighbors according to the underlying network structure. Hence, the goal in
this part of the thesis is to develop distributed optimization algorithm for problem
(1.1) with provable convergence and rate of convergence guarantees for large-scale
systems.

The distributed algorithms we develop will utilize the parallel processing power
inherent in the system and can be used in more general parallel computation settings
where the configuration of the underlying communication graph and distribution of
local cost functions can be changed by the designer] We will also analyze the de-
pendence of algorithm performance on network topology. Insights from this analysis
can be used to facilitate the design of a better network in the parallel computation

environment.

1.2.2 Literature Review

There have been many important advances in the design of decentralized optimization

algorithms in the area of multi-agent optimization, control, and learning in large scale

2 We view parallel processing as a more general framework where the configuration of the under-
lying communication graph and distribution of local cost functions are choices made by the designer.
Distributed algorithms, on the other hand, take the communication graph and local cost functions as
given. Static sensor network with distributed data gathering, for example, falls under the category
of distributed optimization.
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networked systems. Most of the development builds on the seminal works [2] and
[3], where distributed and parallel computations were first discussed. The standard
approach in the literature involves the consensus-based procedures, in which the agents
exchange their local estimates with neighbors with the goal of aggregating information
over the entire network and reaching agreement in the limit. It has been shown
that under some mild assumption on the connectivity of the graph and updating
rules, both deterministic and random update rules can be used to achieve consensus
(for deterministic update rules, see [, [5], [6], [7]; for random update rules, see
18], [9], [10]). By combining the consensus procedure and parallelized first-order
(sub)gradient computation, the existing literature has presented some distributed
optimization methods for solving problem (1.2)). The work [1T] introduced a first-order
primal subgradient method for solving problem ((1.2)) over deterministically varying
networks. This method involves each agent maintaining and updating an estimate of
the optimal solution by linearly combining a subgradient descent step along its local
cost function with averaging of estimates obtained from his neighbors (also known as
a single consensus step). Several follow-up papers considered variants of this method
for problems with local and global constraints [12], [I3] randomly varying networks
[14], [15], [16] and random gradient errors [I7], [18]. A different distributed algorithm
that relies on Nesterov’s dual averaging algorithm [19] for static networks has been
proposed and analyzed in [20]. Such gradient methods typically have a convergence
rate of O(1/v/k) for general (possibly non-smooth) convex objective functions, where
k is the number of iterations. E| The more recent contribution [21] focuses on a special
case of under smoothness assumptions on the cost functions and availability of
global information about some problem parameters, and provided gradient algorithms
(with multiple consensus steps) which converge at the faster rate of O(1/k?). The
smoothness assumption, however, is not satisfied by many important machine learning

problems, the L; regularized Lasso for instance.

The main drawback of these (sub)gradient based existing method is the slow

3More precisely, for a predetermined number of steps k, the distributed gradient algorithm with
constant stepsize can converge to O(1/v/k) neighborhood of the optimal function value.
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convergence rates (given by O(1/vk)) for general convex problems, making them
impractical in many large scale applications. Our goal is to provide a faster method,
which preserves the distributed nature. One method that is known to perform well
in a centralized setting is the Alternating Direction Method of Multipliers (ADMM).
Alternating Direction Method of Multipliers (ADMM) was first proposed in 1970s
by [22] and [23] in the context of finding zeros of the sum of two maximal mono-
tone operators (more specifically, the Douglas-Rachford operator) and studied in the
next decade by [24], [25], [26], [27]. Earlier work in this area focuses on the case
C = 2, where C' refers to the number of sequential primal updates at each iteration.
Lately this method has received much attention in solving problem (or special-
ized versions of it) (see [28], [29], [30], [21], [31], [32]), due to the excellent numerical
performance and parallel nature. The convergence of ADMM can be established [28],
[33], however the rate of convergence guarantee remained open until an important
recent contribution [34]. In this work, He and Yuan (with C' = 2) showed that the
centralized ADMM implementation achieves convergence rate O(1/k) in terms of ob-
jective function value. Other recent works [35], [36], [37], [38] analyzed the rate of
convergence of ADMM and other related algorithms under various smoothness condi-
tions (strongly convex objective function and/or Lipschitz gradient on the objective
function), the algorithm can converge with rate O(1/k?) or even linear rate. In par-
ticular, [35], [36] studied ADMM with C' = 2 and [37] considered a modified objective
function at each primal update with C' > 2. The work [38] considered the case C' > 2
and showed that the resulting ADMM algorithm, converges under the more restric-
tive assumption that each f; is strongly convex. In the recent work [39], the authors
focused on the general case C' > 2 a variant of ADMM under special assumptions on
the problem structure. Using an error bound condition that estimates the distance
from the dual optimal solution set, the authors established linear rate of convergence

for their algorithm.

With the exception of [77] and [78], most of the algorithms provided in the lit-
erature are synchronous and assume that computations at all nodes are performed

simultaneously according to a global clock. [77] provides an asynchronous subgra-
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dient method that uses gossip-type activation and communication between pairs of
nodes and shows (under a compactness assumption on the iterates) that the iterates
generated by this method converge almost surely to an optimal solution. The recent
independent paper [78| provides an asynchronous randomized ADMM algorithm for
solving problem and establishes convergence of the iterates to an optimal solution
by studying the convergence of randomized Gauss-Seidel iterations on non-expansive
operators. This thesis proposes for the first time a distributed asynchronous ADMM

based method with rates guarantees.

1.2.3 Contributions

Inspired by the convergence properties of ADMM, we developed distributed versions
of ADMM for problem ({1.2)). Our contribution can be summarized as follows:

e We develop both synchronous and asynchronous distributed fast ADMM based
method for problem ({1.2)).

e For synchronous algorithm, we show the distributed implementation of ADMM
achieves O(1/k) rate of convergence, where k is the number of iteration. This
means that the error to the optimal value decreases (at least) with rate 1/k.
We also analyze the dependence of the algorithm performance on the underlying

network topology.

e For asynchronous algorithm, we establish O(1/k) rate of convergence for both
algorithms, where £ is the number of iterations. This is the best known rate of
convergence guarantee for this class of optimization problems and first rate of

convergence analysis for asynchronous distributed methods.

e We show that the rate of convergence for the synchronous method is related to
underlying network topology, the total number of edges, diameter of graph and

second smallest eigenvalue of the graph Laplacian, in particular
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1.3 Electricity Market Analysis

1.3.1 Motivation

The second part of the thesis focuses on the electricity market. The market structure
for the electricity market is similar to any other market, where the participates can
be classified as either supply side or demand side, except there is an explicit mar-
ket clearing house, the Independent System Operator (ISO). The ISO is a heavily
regulated government created entity, which monitors, coordinates and controls the
operation of the grid. Most electricity markets have two stages: day-ahead, where
most of planning is done and real time (5 to 10 minutes intervals), where adjustments
are made to react to the real time information. We will focus on the day-ahead mar-
ket for this thesis. In the day-ahead market in a traditional grid, the ISO forecasts
the electricity demand for the next day, solicits the bids from generators and solves
an optimization problem, i.e. FEconomic Dispatch Problem, to minimize the cost of
production while meeting the demand. The price for the electricity comes from the
dual multipliers of this optimization problem. The constraint of supply equal to
demand (i.e. market clearing) is a physical constraint imposed on the grid. Any
violation could compromise the reliability and stability of the entire system. The
demand is assumed to be passive and inelastic. Therefore the generators have to
guarantee market clearing, while respecting their physical limitation in how fast they
can ramp up and down. This market clearing constraint becomes harder to imple-
ment when there is high volatility in the demand, which could be a result of high
intermittent renewable penetration. For instance, in a region with high wind energy
integration, the traditional generator (often referred to as "residual demand" in the
literature) output needs to change significantly between a windy time and another
(possibly neighboring) time with no/small wind. To ensure reliability of the system,
the current solution to counter-act the uncertainties imposed by the renewable ener-
gies is to increase reserve, which is generation capacity set aside and can be brought
online immediately or within short time window when needed. This reserve genera-

tion capacity decreases system efficiency level and diminishes the net environmental
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benefit from renewables [40], [41], [42], [43]. One way to absorb variabilities in the
demand, reduce reserve requirement and improve system efficiency, is by introducing
demand response in the smart grid. The demand (consumers and/or distributors) will
see real time pricing signal (either directly or indirectly through utility companies)
and respond accordingly. For instance, laundry machines, dish washer, electrical car
charging and other flexible loads may choose to run at night or a windy time interval
when the electricity price is cheaper. The price in the smart grid will come from the
market interaction between the demand and the generation.

Our work aims at providing a systematic framework to study demand response
integration. To facilitate understanding of the system, we will focus on an idealis-
tic model with no uncertainty. We develop a flexible model of market equilibrium
(competitive equilibrium) in electricity markets with heterogeneous users, where both
supply and demand are active market participants. Over a time horizon (24-hour in
a day-ahead market example), the users respond to price and maximize their utility,
which reflects their preferences over the time slots, subject to a maximal consumption
level constraint. The supplier, whose cost structure characterizes the physical limita-
tion that the generation cannot change rapidly, also responds to price and maximizes
its utility (proﬁt)ﬂ We consider a market where both the consumer and the supplier
cannot influence price strategically, i.e., perfectly competitive market. Under some
standard conditions, we can show that a market clearing price and thus a competitive
equilibrium exists. We provide characterizations of equilibrium prices and quantities,
which can be shown to be efficient.

The equilibrium may feature high price and load volatility, due to user preferences
over time. Both of these fluctuations impose uncertainty to the market participants
and therefore are undesirable. In particular, having small fluctuation in the generation
levels across time is also an important feature at the market operating point. Each
generator is capable of adjusting its output level within a predetermined interval,

beyond which additional units need to be turned on/off and incurring a significant

4The inability to adjust production level, a.k.a., ramp-up and ramp-down, significantly sponta-
neously, can be modeled two ways, either as a hard constraint or as a high cost on the generators.
The two ways are equivalent if the cost of ramp-up or ramp-down is high enough.
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start-up /shut-down cost. Hence relatively steady generation output is a requirement.
In addition to the short-term physical limitations, steady output level is also preferred
in the long term because the generators can focus on improving efficiency and reducing
environment footprint in a small output interval, which is much more feasible than
improving efficiency for the entire production range. Lastly, compared with highly
fluctuating generation, where generation output levels involve the entire output range,
low fluctuating generation also means that the generators have more capacity to
respond to sudden changes in production. Thus having a steady generation output
level also increases flexibility and reliability of the system and reduces the need of
reserves, which further improves the system efficiency. Price fluctuation is undesirable
due to the difficulties it imposes on planning for both consumer and producer.

We present a way to reduce both price and load fluctuations by using a pricing
rule different from equilibrium outcome. In particular, we systematically introduce an
explicit penalty on price fluctuation and show that it can be used to reduce generation
fluctuation and can be implemented via storage, whose size is directly related to
the price fluctuation. We study the system performance with storage introduced
and characterize the connection between storage size, social welfare, and price, load
fluctuation. We analyze the relationship between price (and load fluctuation) and

consumer types (with different utility preferences).

1.3.2 Literature Review

Our work is related to the rapidly growing literature in the general area of smart grid
systems, especially those concerning the electricity market. The existing works in
this area fall into one of the following three categories: demand management, supply
management and market interaction with both supply and demand actively partici-
pating. With exogenous supply, demand side management aims at minimizing total
operation cost, while meeting demand service requirement, such as total time served
or total energy consumed over certain time. Works on demand management propose
methods to achieve certain system goal (usually flattening the demand) by coordinat-

ing the consumers. The approaches used for demand management including direct
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control by the utility or aggregator, where the households give up control of their flex-
ible loads in exchange for some incentive of participation [44], [45], [46]; or indirectly
through price signals (often in the Plug-in Electric Vehicles, a.k.a. PEV, charging
context). The users receiving the price signals are optimizing individual objective
functions dynamically based on updated forecast of future electricity prices [47] [4§],
[49], [50], [51], [52]. Another approach proposed for reducing demand volatility by
demand shifting is via raffle-based incentive schemes [53],[54]. The idea of raffled
based incentive mechanism has been used also in other demand management appli-
cations such as decongesting transportation systems [55]. The supply management
literature studies the best way to plan production and reserve under uncertainty with
exogenous demand. Various approaches such as stochastic programming and robust

optimization have been considered [56], [57], [58], [59].

The third category, where the supply interacts with demand and social welfare is
analyzed, is most relevant for this thesis. In [60], Mansur showed that with strate-
gic generators and numerical econometrical studies, under ramping constraints, the
prices faced by consumers can be different from the true supplier marginal congestion
cost. In [6I], Cho and Meyn studied the competitive equilibrium in the presence of
exogenous stochastic demand by modeling ramp-up/ramp-down as constraints and
showed that the limited capability of generating units to meet real-time demand, due
to relatively low ramping rates, does not harm social welfare, but can cause extreme
price fluctuations. In another recent paper in this stream, Kizilkale and Mannor, [62]
construct a dynamic game-theoretic model using specific continuous time control to
study the trade-off between economic efficiency and price volatility. The supplier cost
in their model depends on the overall demand, as well as the generation resources
required to meet the demand. In [63], Roozbehani et al. show that under market
clearing conditions, very high price volatility may result from real time pricing. In
[64], Huang et al. considered the trade-off between efficiency and risk in a differ-
ent dynamic oligopoly market architecture. In [65], the authors proposed to provide

differentiated services to end users according to deadline to increase system efficiency.

Our work is most closely related to Xu and Tsitsiklis [66] and Nayyar et al. [67].
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In [66], the authors considered a stylized multi-period game theoretic model of an
electricity market with incorporation of ramping-up and down costs. Decisions are
made at each period and will affect the following time periods. The cost of production
depends on an exogenous state, which evolves according to a Markov chain, capturing
uncertainties in the renewable generation. The consumers have different types drawn
independently from a known distribution. The authors proposed a pricing mecha-
nism, where the load needs to pay for the externality on the ramping service. They
compared their pricing mechanism with marginal cost pricing (without the ramping
costs), and showed that the proposed mechanism reduces the peak load and achieves
asymptotic social optimal as number of loads goes to infinity. Our model considers
planning for the entire time horizon as a whole and will analyze the trade-offs be-
tween welfare, price and load fluctuations. In [67], a version of demand response is
considered. Each load demands a specified integer number of time slots to be served
(unit amount each time) and the supply can purchase either at the day ahead market
with a fixed price for all time periods or at the real time market, again with a fixed
price for all time periods. The authors derive an optimal strategy for the supply to
satisfy the demand while minimizing the supply side cost. The paper also includes
competitive equilibrium analysis where the consumers can choose between different
duration differentiated loads and optimize its utility. The major differences between
[67] and our framework are that our user have a preference over time slot, which
is a property fundamentally intrinsic to many loads, our users may choose any real
number consumption level as opposed to discrete values in [67] and most importantly,
we consider a pricing structure which is different based on the time of the day. The
novelty in our work lies in proposing alternative pricing rules through introduction of
explicit penalty terms on price fluctuation. In addition, we consider the change and

trade-offs in social welfare, market interaction and load fluctuation.

1.3.3 Contributions

Our main findings for the electricity market analysis are summarized as follows:
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We propose a flexible multi-period market model, capturing supply and demand

interaction in the electricity market.
We show that the new model is efficient at competitive equilibrium.

We establish that incorporating demand response can improve social welfare

significantly over the traditional supply-follow-demand market.

We introduce an explicit penalty term on the price fluctuation in the competitive
equilibrium framework, which can reduce both generation and load fluctuation.
We show that this penalty term is equivalent to introducing storage into the

system.

The price fluctuation penalized problem can be implemented with storage in a

distributed way.

The relationship between storage and generation fluctuation is analyzed in two
cases: in the inelastic demand case, an explicit characterization of optimal stor-
age access and generation fluctuation is given; in the elastic demand case, con-
nection between concavity of demand utility function and generation is studied
and we show some monotonicity results between concavity of consumer demand

and generation fluctuation.

The rest of the thesis is organized as follows: Chapter [2| contains our develop-

ment on synchronous distributed ADMM method and Chapter [3]is on asynchronous

distributed ADMM method. Chapters [4] and [5] study market dynamic of electricity

market. Chapter [4] proposes the competitive equilibrium framework of the electricity

market and analyzes its properties. Chapter [5| addresses the issue of reducing genera-

tion fluctuation. In Chapter [f], we include summarize our findings and propose some

interesting future directions.

Basic Notation and Notions:

A vector is viewed as a column vector. For a matrix A, we write [A]; to denote the

i" column of matrix A, and [A)7 to denote the j row of matrix A. For a vector z,
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x; denotes the i'" component of the vector. For a vector z in R”, and set S a subset
of {1,...,n}, we denote by [z]s a vector R", which places zeros for all components of
x outside set S, i.e.,

Z; if 7€ S,

[[z]s]: =

0 otherwise.
We use ' and A’ to denote the transpose of a vector x and a matrix A respectively.
We use standard Euclidean norm (i.e., 2-norm) unless otherwise noted, i.e., for a
1
vector z in R™, [|z|| = (3., #?)2. The notation I(n) denotes the identity matrix of

dimension n. The gradient and Hessian of function f : R™ — R is denoted by V f(z)

and V2 f(z) respectively (if n = 1 this is the same as first and second derivatives).
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Chapter 2

Synchronous Distributed ADMM:

Performance and Network Effects

In this chapter, we present our development on synchronous distributed ADMM
method and analyze its performance and dependence on the underlying network
topology. We focus on the unconstrained version of problem . This chapter
is organized as follows. Section reviews the standard ADMM algorithm. In Sec-
tion [2.2] we present the problem formulation and equivalent reformulation, which
enables us to develop distributed implementation in Section 2.3] Section ana-
lyzes the convergence properties of the proposed algorithm. Section contains our

concluding remarks.

2.1 Preliminaries: Standard ADMM Algorithm

The standard ADMM algorithm solves a convex optimization problem with two pri-

mal variables. The objective function is separable and the coupling constraint is
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linear{l
L Fy(z) + G4(2) (2.1)

st. Dgx+ H,z=c,

where F, : R” — R and G, : R™ — R are convex functions, X and Z are nonempty
closed convex subsets of R” and R™, and D, and H, are matrices of size w X n and

w X m.

The augmented Lagrangian function of previous problem is given by

Ls(z,2,p) = Fs(z) + G4(2) — p'(Dsz + Hyz — ¢) (2.2)

2
1

+§\|sz+Hsz—c

where p in R" is the dual variable corresponding to the constraint Dsx+ Hs,z = ¢ and
[ is a positive penalty parameter for the quadratic penalty of feasibility violation.

Starting from some initial vector (2%, 2%, p°), the standard ADMM method pro-
ceeds byf]

2" € argmin Ly (w, 2%, p*), (2.3)
zeX

2 argmin Lg(2" 2, p¥), (2.4)
z€Z

PPt = pF — B(Da T ¢ H M — ). (2.5)

The ADMM iteration approximately minimizing the augmented Lagrangian function
through sequential updates of the primal variables x and z and then a gradient ascent
step in the dual, using the stepsize same as the penalty parameter 5 (see [39] and
[33]). This algorithm is particularly useful in applications where the minimization
over these component functions admits simple solutions and can be implemented in

a parallel or decentralized manner.

nterested readers can find more details in [28] and [33].
2We use superscripts to denote the iteration number.
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The analysis of the ADMM algorithm adopts the following standard assumption
on problem ([2.1)).

Assumption 1. The optimal solution set of problem 15 nonempty.

Under this assumption, the following convergence property for ADMM is known

(see Section 3.2 of [28§]).

Theorem 2.1.1. Let {z* 2% p*} be the iterates generated by the standard ADMM,
then the objective function value of Fy(z*) + G4(2*) converges to the optimal value of

problem and the dual sequence {p*} converges to a dual optimal solution.

2.2 Problem Formulation

Consider the system of N networked agents introduced in Section [I.2.1} where the
underlying communication topology is represented by an undirected connected graph
G = (V, E) where V is the set of agents with |V| = N, and F is the set of edges with
|E| = M. We use notation B(i) to denote the set of neighbors of agent i. Each agent
is endowed with a convex local objective function f; : R® — R. Recall that the goal

of the agents is to collectively solve the following problem:

zeR" 4

min Y ~ fi(x). (2.6)

This problem formulation arises in large-scale multi-agent (or processor) environments
where problem data is distributed across /N agents, i.e., each agent has access only to
the component function f;.

In this chapter, we develop an ADMM algorithm for solving problem ({2.6) under
the assumption that each agent perform local computations based on its own local
objective function f; and information received from its neighbors. To apply ADMM to
problem , we use the same transformation as in Section , i.e., introducing a
local copy of the global variable x for each of the agents, denoted by x; and constraint

x; = x; for any 4, j connected through an edge. Therefore problem (2.6) can be
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equivalently stated as

N

min E (x;

TR, i=1,..,N 4= filw:)
1=

st. m =uxz; forall (i,j) € E.

(2.7)

The next example illustrates using ADMM to solve problem (2.7 for a network

of two agents connected through a single edge.

Example 2.2.1. We use ADMM to solve the two agent version of problem .'
xlglziélwfl(%) + fa(x2)

st. 1 = T9.

Using Eqs. —, it can be seen that ADMM generates a primal-dual sequence

{ak, 2k p*}, which at iteration k is updated as follows:

) I} 2
4 = argmin (1) — (Y + 2 s —
Tl

. B 2
2T = argmin fo(xs) + (phy) ze + 5 Hmlf“ — m2| ‘2

2

k+1 _ k k+1 k+1
Pia = Piy — Blai™ —a5™).

T we

This shows that at each k, we first update x% and using the updated value x

then update x%.

As the previous example highlights, direct implementation of ADMM on problem
(2.7) requires an order with which the primal variables are updated. This observation
was used in our recent paper [72] to develop and study an ADMM algorithm for
solving problem under the assumption that there is a globally known order on
the agents (see also [30]). This algorithm cycles through the agents according to this
order. In many applications however, neither the presence of such global information
nor an algorithm whose runtime scales linearly with the number of agents is feasible.

To remove the ordering, we use a reformulation technique, which was used in
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[3], to generate a problem,F which involves constraints separable over the primal x;
variables (in addition to a separable objective function). For each constraint x; = x;,
we introduce two additional auxiliary variables z;; and z;; both in R™ and rewrite the
constraint as

T; = Zij7 fL‘j = Zji7 Zij = ij‘.

The variables z;; can be viewed as an estimate of the component x; which is main-
tained and updated by agent . To write the transformed problem compactly, we stack
the vectors z;; into a long vector z = [zij](me g in R?2M7 We refer to the component
in vector z as either z;; with two sub-indices for the component in R" associated with
agent ¢ over edge (i,j) or z, with one sub-index for any such component. Similarly,
we stack z; into a long vector z in RY¥™ and we use z; to refer to the component in
R” associated with agent i. We also introduce matrix D in R?M"*N" which consists
of 2M by N n x n-blocks, where each block is either all zero or I(n). The (a,b) block
of matrix D takes value I(n) if the a'® component of vector z corresponds to an edge

involving x,. Hence the transformed problem (2.7)) can be written compactly as

min F(x) (2.8)

zERN™ 2cZ

st. Dx—2z=0.

where Z is the set {z € R*™" | z;; = 25, for (i,) in E} and

F(z) = Z fiz). (2.9)

We assign dual variable p in R?M" for the linear constraint and refer to the n-
component associated with the constraint x; — z;; by p;;. For the rest of the chapter,

we adopt the following standard assumption.
Assumption 2. The optimal solution set of problem (@ s monempty.

In view of convexity of function F, linearity of constraints and polyhedrality of

Z ensures that the dual problem of (2.8)) has an optimal solution and that there is
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no duality gap (see [75]). A primal-dual optimal solution (z*, z*, p*) is also a saddle

point of the Lagrangian function,
L(z,z,p) = F(z) — p'(Dx - 2), (2.10)
ie.,

L(x*7z*7p) S L(x*7z*7p*) S L(:I;, Z7p*)7

for all z in R™, z in Z and p in R?M",

2.3 Distributed ADMM Algorithm

In this section, we apply the standard ADMM algorithm as described in Section [2.1]to
problem . We then show that this algorithm admits a distributed implementation
over the network of agents.

Using Egs. —, we see that each iteration of the ADMM algorithm for
problem involves the following three steps:

a The primal variable x update

" e arginin F(x) — (p*) Dz + g || Dz — 2| ‘2 (2.11)
b The primal variable z update
PAaR< arggrzlin(pk)’z + g || D"+ — 2| ‘2 : (2.12)
¢ The dual variable p is updated as
P = pF = B(DakHl — kL, (2.13)

By Assumption [2| the level sets {z|F(z) — (p*)'Dz + £ || Dz — zkﬂz < a} and

{(P*)z+52 || Da* T — 2| }2 > a} for a in R are bounded and hence the search for min-
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imum can be equivalently done over a compact level sets. Therefore, by Weierstrass
theorem, the minima are obtained. Due to convexity of function F' and the fact that
matrix D'D has full rank, the objective function in updates (2.11)) and (| - are

strictly convex. Hence, these minima are also unique.

We next show that these updates can be implementation by each agent ¢ using
its local information and estimates z¥ communicated from its neighbors, j € B(i).
Assume that each agent i maintains z¥ and pU, for Jj € B(i) at iteration k. Using
the separable nature of function F' [cf. Eq. .] and structure of matrix D, the update
2.11)) can be written as 2* ™ = argmin, 3=, fi(z:) =32, > g [(pf])’xl + B || — 25| }2] .

This minimization problem can be solved by minimizing act component of the sum

over x;. Since each agent i knows f;(x), pl, zf; for j € B(i), this minimization prob-
lem can be solved by agent ¢ using local information. Each agent ¢ then communicates

their estimates ¥ to all their neighbors j € N(4).

By a similar argument, the primal variable z and the dual variable p updates can

be written as 2/, 25 = argmin, .. —(ph) (2 P — ) — (08) (25— z) +

2 (et =l P 15 =) Y = g = B =5 b = =k -

zjl-“fl). The primal variable z update involves a quadratic optimization problem with

linear constraints which can be solved in closed form. In particular, using first order

optimality conditions, we conclude

1
Zk"H = —(pk — Uk+1) —+ ;L‘].H'l Zk'H = —(pfl —+ Uk"H) —+ xlﬁ'l,

7 Y ) 6 J

where v**1 is the Lagrange multiplier associated with the constraint z;; — z;; = 0 and

is given by

k+1 é( E+1 _ ka).

Loy k
:_pij_pji)+2 i j

5

The dual variable update also simplifies to

pfgﬂ — kL pfzﬂ — kL
With the initialization of p?j = —p?i, the following simplified iteration generates
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pf;“l = —p;?;’ ! and gives the identical update sequence as above

oM = pl é(xk“ — gt ),

2 J
1 1
k+1 R+l ktly k41 k41 kel
44 25(% +xiT), 2 = 5(% + 27,
Rl ko Bkt ki kil ko Bk ki
Pij _pij+§(xi Z; )7pji —pji+§($j ;).
Since each agent i has access to ™ and xf*l for all j € B(i) (which was communi-

cated over link (4, 7)), he can perform the preceding updates using local information.

Combining the above steps leads to the following distributed ADMM algorithm.

Distributed ADMM algorithm:

A Initialization: choose some arbitrary z° in R, 2% in Z and p° in R*M" with

0 _ _,0
Pij = —Pj;-

B At iteration k,

a Each agent i, the primal variable 2% is updated as xf“ =

: 2
argmin,, fi(%:) = 3;epq) (Ply) i + 3 2 jeB) || = 25|[”
b For each pair of neighbors (7, j), the primal variables z;; and zj; are
updated as
RN P 1y b+l Lok k+1
Rij T 5(% + 5 )7Zji = 5(% +x; ),
d For each pair of neighbors (7,7), the dual variables p;; and pj; are
updated as

P = gl D (el — b)),

p
P = g+ Dttt - o)
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2.4 Convergence Analysis for Distributed ADMM
Algorithm

In this section, we study the convergence behavior of the distributed ADMM algo-
rithm. We show that the primal iterates {z*, 2} generated by and
converge to an optimal solution of problem and both the difference of the objec-
tive function values from the optimal value and the feasibility violations converge to 0
at rate O(1/T). We first present some preliminary results in Section [2.4.1 which are
used to establish general convergence and rate of convergence properties in Section
2.42] In Section [2.4.3] we analyze the algorithm performance in more depth and
investigate the impact of network structure.

k+1

For notational convenience, we denote by r**" the residual of the form

rhtl = Dghtl — Jh+L (2.14)
By combining the notation introduced above and update (2.13)), we have
pk—l-l — pk . ﬁrkH, (215)

which is one of the key relations in the following analysis.

2.4.1 Preliminaries

In this section, we first provide some preliminary general results on optimality con-
ditions (which enable us to linearize the quadratic term in the primal updates of the
ADMM algorithm) and feasibility of the saddle points of the Lagrangian function of
problem (2.8) (see Lemmas and . We then use these results to rewrite
the optimality conditions of (z*,2*) and obtain Lemma , based on which, we

can derive bounds on two key quantities F(z**1) and F(x*1!) — p/rk+1

and Theorem respectively. The bound on F(z*!) will be used to estab-

in Theorems

lish convergence properties of the objective function value, whereas the bound on
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F(2F1) — p'r*1 will be used to show that feasibility violation diminishes to 0 at rate
O(1/T) in the next section.
The following lemma is similar to Lemma 4.1 from [3], we include here for com-

pleteness and present a different proof.

Lemma 2.4.1. Let functions J; : R™ — R and J, : R™ — R be convex, and function

Jo be continuously differentiable. Let'Y be a closed convex subset of R" and

y" = argimin Ji(y) + J2(y),

then
y* = argmin Ji(y) + VJa(y")'y.
yey

Proof. The optimality of y* implies that there exists some subgradient h(y*) of func-
tion Ji, i.e., h(y*) in 0J1(y*), such that

(My*) + VL) (y—y") >0,

for all y in Y. Since h(y*) is the subgradient of function .J;, by definition of subgra-

dient, we have

Ji(y) = Ly") + (v —y) ' h(y").

By summing the above two relations, we obtain
Ji(y) +Vh(y)y = L(y") + Vhy)y,

for any y in Y, and thus we establish the desired claim. m

The next lemma establishes primal feasibility (or zero residual property) of a

saddle point of the Lagrangian function of problem ([2.8)).

Lemma 2.4.2. Let (z*,z*,p*) be a saddle point of the Lagrangian function defined

as in Eq. of problem (@ Then

Dz* — 2" =0,. (2.16)
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Proof. We prove by contradiction. From the definition of a saddle point, we have for

any multiplier p in R?M¥ _the following relation holds

F(z®) = p/(Da* = 27) < F(2") = (p) (D" = 27),

ie., p/(Dx* — z*) > (p*)(Dx* — z*) for all p.

Assume for some i, we have [Dx* — z*]; # 0, then by setting

( *),(DI*—Z*)—l .

5= e forg=i
J

0 for j #1,

we arrive at a contradiction that p/'(Dx* —2*) = (p*) (Dz* —2*) —1 < (p*)(Dz* — 2*).
Hence we conclude that Eq. (2.16]) holds. ]

The next lemma uses Lemma to rewrite the optimality conditions for the
iterates (z¥, z¥), which is the key to later establish bounds on the two key quantities:

F($k+1) —p/Tk+1 and F($k+1).

Lemma 2.4.3. Let {a*, 2% p*} be the iterates generated by our distributed ADMM
algorithm for problem (@, then the following holds for all k,

F(a:) . F(karl) + [ﬁ(zk+1 N Zk)}’ [(7“ N Tk+1) + (z . Zkﬂ)} . (pk+1>/(r . rk+1) >0,
(2.17)

. (pk: _pk+1)/(zk . Zk+1) > O, (2.18)
for any x in RN, z in Z and residual r = Dx — H z.

Proof. From update (2.11)), we have 2% minimizes the function F(x) — (p*)'(Dz —

2F) + g || Dz — 2| ‘2 over R¥™ and thus by Lemma [2.4.1], we have, 2¥*! is the mini-

mizer of the function F(z) + [—p* + B(Dx*! — )] Dz, i.e.,

F(l") + [_pk + ﬁ(ka:—i-l _ Zk)]/D$ > F(:L‘k+1) + [_pkz + B(Dl’k—H o Zk)],D:l:k"H,
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for any z in RY¥™. By the definition of residual r**! [cf. Eq. (2.14)], we have that
5(D:L‘k+1 _ Zk) — 6rk+1 +6(zk+1 _ Zk)

In view of Eq. (2.15]), we have
P = 4 g

By subtracting the preceding two relations, we have —p* + B(Da*t! — 2F) = —pF+t 4

B(zF*t1 — 2k). This implies that the inequality above can be written as
F(z) — F(2"™) + [—pkﬂ + B — zk)]/D(:E — M) > 0.
Similarly, the vector 25*1 [c.f. Eq. (2.12)] is the minimizer of the function
[pk: . 5(ka+1 i Zk-i—l)]’z _ [pk: _ 57“'““}/2 _ (pkurl)/z7

ie.,

(P (z =2 >0, (2.19)

for any z in Z. By summing the preceding two inequalities, we obtain that for any x

in R¥" and z in Z the following relation holds,

!/

F(x) . F(:lfk+1) + [,8(2k+1 . Zk)} D(x . Zl?k+1) . (pk+1)’(r . rkz—i—l) > 0’

where we used the identities r = Dz — z and Eq. (2.14)).

By using the definition of residuals once again, we can also rewrite the term
D(x — 2" = (r + 2) — (P 4 250,

Hence, the above inequality is equivalent to

/

F(x) . F(xk—l-l) + [,B(Zk—H o Zk)} [(’l“ . ’I“k+1) + (Z . Zk—i—lﬂ . (pk+1)’(r _ ,rk—i-l) Z 0’
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which establishes the first desired relation.
We now proceed to show Eq. (2.18]).
We note that Eq. (2.19) holds for any z for each iteration k. We substitute z = 2*

and have

(pkH)’(zk - Zk+l) > 0.

k+1

Similarly, for iteration £ — 1 with z = z"" we have

(Y (41 = ) > 0.

By summing these two inequalities, we obtain
_(pk o pk+1)/(zk _ Zk+1) > O,
hence we have shown relation ([2.18) holds. O

The next theorem uses preceding lemma to establish a bound on the key quantity

F(:L‘k'H).

Theorem 2.4.1. Let {z*, 2% p*} be the iterates generated by our distributed ADMM
algorithm and (z*,z*,p*) be a saddle point of the Lagrangian function of problem
@, then the following holds for all k,

F(ZE*) . F(l’k+1) > B (H(zk-i—l . Z*)

>0 ol - )

1
*) + %5 (1117 = [12*1F°) -
(2.20)

Proof. We derive the desired relation based on substituting x = z*, z = 2*, r = r*

into Eq. (2.17)), i.e.,

F(a?*)—F($k+1)+ [B(zk—i-l o zk)}/ [(7’* o 7,k:-i-l) + (Z* . Zk—i—l)] —(pk+1),(7”*—7"k+1) Z 0.
(2.21)
By definition of residual r, we have (r* — r*™1) 4 (2* — 2F1) = D(2* — 2**1). We then

rewrite the terms [3(z* — zk)]/D(:v* — P L) — (pF LY (r* — r*1). We can use Eq.
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(2.14) to rewrite r*™! = Dz**! — 21 and based on Lemma 2.4.2) r* = Dx* — z* = 0.

Using these two observations, the term —(p*™1)'(r* — r*1) can be written as

k+1),(7"* . Tk+1) k—i—l)/rkz—i—l
Y

—(p =(p

and the term D(z* — 2%1) is the same as
D(Qf* . .Z']H_l) — o ka—‘rl — o (T’k+1 + Zk+1).

Eq. 1} suggests that r*+1 = %(pk — p*1), which implies that

1

I<:+1)/( o Tk+1) — _(pk:-i-l)/( ko k+1
B

—(p r* pr=p"),

and

1
D(x* — "y = =M 42— — (ph — p*).

B
By combining the preceding two relations with Eq. (2.21]) yields

+ [6<Zk+1 N Zk)]’ (_Zk—H + 2= %(pk _pk-i-l)) + %(pk—l—l)/(pk _pk-i-l) > 0.

Eq. (2.18)) suggests that

Bz — 5]’ (%@k —pk“)) >0,

We can therefore add the preceding two relations and have

F(a*) — F("h) 4 [B(21 = 29)]) (=M 4 2%) + %(p’““)’(pk - 0. (222)

We use the identity

[la+0l* = [lall”* + [[b]* + 24,
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for arbitrary vectors a and b to rewrite the inner product terms and have

[5 k+1 kﬂ’ (_Zk+1 —I—z*) _
(G

k1 H _ H(Zk—l—l _ 2

).

and

S0 = = o (= [ = [ =),

These two equalities imply that Eq. (2.22)) is equivalent to

INF) + 55 (H1F = 1417)

ko k+1H2

P(a) ~ F(a1) =0 (H<zk+1 -

1
[

L

The last two terms are non-positive and can be dropped from right hand side and

thus we establish the desired relation. O

The next lemma represents an equivalent form for some of the terms in the in-
equality from the preceding lemma. Theorem then combines these two lemmas

to establish the bound on the key quantity F(x*1) — p/rk+L,

k+1

The proof for the following lemma is based on the definition of residual »*™* and

algebraic manipulations, similar to those used in [3], [28] and [34].

Lemma 2.4.4. Let {z* 2 p*} be the iterates generated by distributed ADMM algo-
rithm for problem (@ Let vectors x, z and p be arbitrary vectors in RN", Z and
R2Mn respectively. The following relation holds for all k,

(P = D) PR BR ) - B - Y (s M) (223)

1 2 2 I5; 2 2
=25 (Il = ol = It = pI) + 5 (11557 = 21 = || = =)

i g Hrk—i-l 4 (! _Zk)|‘2'
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Proof. It is more convenient to multiply both sides of Eq. (2.23]) by 2 and prove

. 2(pk+1 —p)/(Tk—H) + QB(rk+1)/(zk+1 o Zk) o Qﬂ(zk—H o zk)’(z . zk—i—l) (2‘24)

= L (ol - ) 8l - 9l [t - 2)IF)

+BHTH1 + (zk+1 . Zk:)HQ

Our proof will use the following two identities: Eq. (2.15)), i.e.,

pk+1 _ pk _ ﬁrk+1,
and
lla +b]]* = [al|* + |[b]|* + 2a'b, (2.25)

for arbitrary vectors a and b.

We start with the first term —2(p**! — p)'r**1 on the left-hand side of Eq. (2.24).

/,.k+1

By adding and subtracting the term 2(p*) 751, we obtain

2
—o(phHL — pyrhtl = _2(pk+1 B DY, HrkHH _ 2(pk _ p>/rk+l’

where we used Eq. (2.15)) to write (pf*! — p*)rktl = —p3 Hrk“Hz. Using Eq. (2.15
once more, we can write the term —2(p* — p)'r**1 as
—2(p* —p)rttt = %(p — ") (" —p*)
1
=3 (Il =1 = Il = *11” = 10" = ().

where we applied identity Eq. (2.25) to p — p**! = (p — p*) + (p* — pF*1). We also
observe that Eq. (2.15)) also implies

Bl = H =
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We combine the above three equalities and obtain

—2(p =) = B || (IM? PP =1 -#). 220

We then apply Eq. (2.25) to 7#! + (zF+1 — 2¥) and therefore can represent the
second term on the left-hand side of Eq. (2.24)), i.e., 28(rF 1) (281 — 2%)  as,

26(Tk+1)/(zk+1 _ zk) (2.27)

_ _BHTk+1H2 _BH(Zk‘+1 —Zk)H2+BH7”kH+(2kH _Zk)H2

The third term can be expressed similarly. Based on the identity (2 — z) =
(2F — 281 + (2F*1 — 2) and Eq. (2.25)), we obtain

H(Zk _Z)H2 _ H(Zk _Zk+1)H2+ H(ZkJrl —Z)H2+2(Zk _Zk+1)/(zk+1 _2)7

which implies the third term of the left-hand side of Eq. (2.24)), i.e., —28(zF*1 —

2F)(z — 2F1), can be written as

—2B( — 2FY (2 — 2T (2.28)

= Bll* = NI+ Bl = - Bl -2

By combing the equivalent representations for all three terms [cf. Eq. s (2.26)),

(2.27) and (2.28)], we have

=2 = p) () 4+ 2B (R - ) — 28(H Y (5 — o)
=8 (|I1” = [[r117) + 8 (Il = 2P = [ =)
1 112
-+50@—WHW|—Hp—ﬁH)
B[ =P B[ =2 - 81 - 2

The terms in the first two parentheses on the right hand side cancel out, establishing

the desired result. OJ
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We can now combine results from the preceding two lemmas and obtain a bound

k1 1 k1
) — p'ritl

on the key quantity F'(x
Theorem 2.4.2. Let {z* 2% p*} be the sequence generated by the distributed ADMM
algorithm and (z*,z*,p*) be a saddle point of the Lagrangian function of problem

(@. The following holds at each iteration k:

Fla’) = Fa ™)+ 7 2 oo (0 =l = [t =olf) 229
F (It - 0 - et = 1),

for all p in R2MN where r*+1 = Dab+l — 2F+1,

Proof. We substitute z = x*, z = z* and r = r* into Eq. (2.17) from Lemma m

and obtain
F(SE*)—F(l‘k+1)+ [ﬁ(zkﬂ . Zk)}’ [(r* . Tk+1) + (z* . Zk+1)} _(karl)/(r*_,rkJrl) > 0.

By Lemma 2.4.2] and definition of 7*, we also have r* = Da* — z* = 0. Hence the

preceding relation is equivalent to

F(x*) . F($k+1) + [ﬁ(zk+1 . Zk:)}’ [(_rk—f—l) + (z* . Zk:+1)] + (pk-i-l)/(rkz—&-l) > 0.

We add and subtract a term p'r**! from the left hand side of the above inequality

and have

!/

F(:U*)—F(afk+l)+p/7’k+l+[ﬁ(zk—H o Zk)} [(—Tk+1) + (Z* o Zk+1)]+(pk+1—p),(7’k+l) > ().

We can now substitute z = z*, z = z* into Eq. (2.23)) from Lemma and have

(P = )L (PR B( - 2Ry — B(RHL = Ry (2 — )
1
= % (Hpk+1 _pH2 _ Hpk _pH2> +§ <H(zk+1 _ 2

_’_§Hrk+1 +<zk+1 _Zk)HQ-

= |](zF = =)

)
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These two relations imply

Pla®) = P 9 2 o (Hp"’“ =l = |lp* = ll")

)

WP = ](* = 2%)

+ l\DIwa

( k1
B
§H k+1+<zk+1_zk)H2'

By dropping the nonnegative term g Hr"”“ + (M — zk)‘ ’2 from the right hand side,

we establish the desired relation. O

2.4.2 Convergence and Rate of Convergence

This section studies convergence and rate of convergence properties of the algorithm.
The rate will be established based on the ergodic time average of the sequences

{x¥ 2*} generated by the distributed ADMM algorithm , Z(T) and z(T), defined by

HT) = % SOak A1) = % S (2.30)

k=1 k=1

(T = D&(T) — 2(T). (2.31)

This lemma shows that the Lagrangian function value converges to the optimal
one with rate O(1/T") and will be used to show that the feasibility violation diminishes

to 0 with the same rate.

Lemma 2.4.5. Let {z*, 2% p*} be the sequence generated by the distributed ADMM
algorithm and (z*,z*,p*) be a saddle point of the Lagrangian function of problem
(@. The following hold at each iteration T':

F(@(T)) = p'r(T) = F(a7) < (2.32)
LA S
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for all p in R®MN the dual space, where 7(T) is defined as in Eq. :

Proof. Theorem gives

F(ZE*) F( k+1)_|_p/ k+1

1
> 5 (I =9l =l =9l + 5 (fl =

2 k *

—||s* -2

)

for all k. We sum up this relation for £ = 0,...,7—1 and by telescoping cancellation,

we have
T-1 T—1
TF(:E*)_ F($k+1) + pl Z rk’-i—].
k=0 k=0
1 B T |2 0 |2
> 35 (1" =l[* = 1° = 2l1*) + 5 (17 = 11" = 1|2 = ="|[") .
We note that by linearity of matrix vector multiplication,
T-1 T—1
r" =N Dot — A = T(DE(T) — 2(T)) = TH(T).
k=0 k=0

Convexity of function F implies 3.,_o F(z**') > TF(%(T)), and thus

T(F(z")—F(z(T)) +p7(T)) =

1
g (17 =0l = 1= olF) + 5 (11" ==

2 0 *

— ]z —=

2>‘

? and divide both

We can drop the nonnegative terms % HpT —p! }2 + g HzT —2*

sides by —T" to obtain

1
= 9TB

2

F(z(T)) — p'F(T) — F(z*) < |p° — H +B 1B

which is the desired result. O

Theorem 2.4.3. Let {z* 2% p*} be the sequence generated by the distributed ADMM
algorithm, T(T') be the time average of the sequence {x'} up to time T as defined in
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Eq. and (z*,2*,p*) be a saddle point of the Lagrangian function of problem
@. The following hold at each iteration T':
= * %12 2 %12
|F(@(T)) = F(a)| < 37 |12° = 2°|" + ggmaz {[|0°|" . [1p° — 2p°(|"}.

Proof. We derive the bound on the absolute value by considering bounds for both
term F(z(T)) — F(z*) and F(z*) — F(z(T')) and then take the maximum of the two.

The difference F(Z(T)) — F(z*) can be bounded by substituting p = 0 into Eq.
, summing over from k£ = 0 to T, and obtain

2
!zo — 2

2
2T

1

F(#(T)) = F(a") < T

12°||7 (2.33)

_|_

For the difference F'(z*) — F(z(T)), we use the saddle point property of (z*, z*, p*)
and have

F(z*) — F(&(T)) + p*F(T) < 0, (2.34)

which implies that
F(z*)— F(z(T)) < —p*r(T).

We next derive a bound on the right hand side term —p*7(7"). The following bound
can be obtained by adding the term p*7(T) to both sides of Eq. (2.34) and then
multiply both sides by negative 1,

F(#(T)) = F(a*) — 25F(T) = —pF(T),

The left hand side can be further bounded by substituting p = 2p* in Eq. (2.32)), i.e.,
F(z(T)) — F(a*) = 2p*r(T) < & |20 — 2*||> + 55 ||p° — 2p*||” . Combining the three

278
preceding inequalities gives
* = B 0 x|]2 1 0 %2
F(x)_F(x<T))§ﬁHZ —Zz +w”p —2p
The above relation and Eq. (2.33]) together yield the desired relation. O

The following lemma shows that the feasibility violation of the sequence generated
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by the distributed ADMM algorithm converges to 0 with rate O(1/T).

Theorem 2.4.4. Let {z* 2 p*} be the sequence generated by the distributed ADMM
algorithm - and (x*,z*,p*) be a saddle point of the Lagrangian function
of problem (@ and average residual 7(T') be defined as in . The following hold

at each iteration T':

2

I < 75 (1l -

Proof. For each T', we let p = p* H; Gk We note that the product term p'7(7T)
pr(T) — [|F(T )H and Eq. ( - becomes F(z(T)) — p*r(T) — F(z*) + [[F(T)]| <
2O el -

_1
278

We next derive an upper bound for the term

0 _ % 7(T)
‘p P (T)HH for all T'. The

term I EQH is a unit vector, and the optimal solution for the problem

max ||b— a||?,

[lef|<1
for some arbitrary vector b is given by a = —ﬁ with optimal function value of
(||b]| + 1)*. Therefore
_ 2
0 * T(T) 2
el Ul e T LS 1)".
| re|| =< ¢ )
The preceding two relations imply
— * — * 1 * 2 6 x| ]2
FG(T) = p'7(T) = F@) + DI < g (18 =07l + 1)+ 5 120 = =]

Since point (z*, z*, p*) is a saddle point, we have L(z*, z*, p*)— L(z(T), 2(T), p*) =
F(xz*) — F(Z(T))) + p*7(T) <0, for any T.

By adding the above two relations, we have

2

SR | FL

1
17T < ﬂ (HPO -7
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]

Theorems [2.4.3| and [2.4.4] establish that the sequence generated by the algorithm

converges to a point which is both feasible and attains optimal value at rate O(1/T),

and hence we conclude that the algorithm converges with rate O(1/7).

2.4.3 Effect of Network Structure on Performance

In this section, we analyze the effect of network structure on the algorithm perfor-

mance. In order to focus our analysis on the terms related to the network topology,

we will study the bounds from Theorems [2.4.3| and [2.4.4] under the assumption that

the initial point of the algorithm has all 0 for both primal and dual variables, i.e.,
2 =0, 2° = 0 and p° = 0. We will first bound the norm of the optimal dual variable,
|1p*| |2, using the properties of the underlying graph topology and then use that in the
bounds from the previous section.

Our bounds will be related to the graph Laplacian matriz L(G), which is of di-
mension N by N, defined by

degree(i) i =7,

[L(G)li; = L
-1 (i,j) € E.

For a connected graph the eigenvalues of the graph Laplacian satisfies the following

property [76].

Lemma 2.4.6. Consider an undirected connected graph G with N nodes, let L(G)
denote the associated graph Laplacian. Then the matriz L(G) is positive semidefinite.

Scalar 0 is an eigenvalue with multiplicity 1, whose associated eigenvector is the vector

of all 1 in RV,

We denote by po(L(G)) the second smallest (smallest positive) eigenvalue of the
matrix L(G). This quantity is often referred to as the algebraic connectivity of the
graph. A well connected graph has large poL(G). Our bound on ||p*||* will depend

on this connectivity measure.
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The following lemma establishes a key property of the optimal dual variable, which

simplifies our analysis on p* significantly.

Lemma 2.4.7. Let (z*, z*,p*) be a saddle point of problem (2.8). Then we have
p;‘kj = _p;i

for any pair of nodes i and j with edge (i, 7).

Proof. Since the point (z*, 2%, p*) is a saddle point, we have that the primal pair

(x*, z*) minimizes the augmented Lagrangian function given p*, i.e.,

x* € argmin Lg(x, 2*,p*), 2* € argmin Lg(x™, z,p"),
T z2€Z
where we recall that Lg(z,z,p) = F(z) — p'(Dx — 2) + 2 || Dz — 2|2,

By Lemma we also have p* = p* — f(Dz* — 2*) = p*.

Hence the point (z*, z*, p*) is a fixed point of the ADMM iteration.

We consider an arbitrary edge (i, 7). The z* update in the algorithm is a quadratic
program with linear constraint, i.e., 2, 2}, = argmin, . . . —(p;) (=] — z;) —
(p3:) (75 — 24) +2 <||m;k — z|)? + |27 — 2] ‘2> . The optimal solution can be written
as
Zz‘j—_(])ij_v)"‘xw Zji__<pji+v>+xj7

B s
where v* is the Lagrange multiplier associated with the constraint z;; — z;; = 0. We
use ;7 = z;; from Lemma [2.4.2] one more time and the previous relations can be

ES

written as p;; = v*, p;; = —v*. We can hence conclude pj; = —pj;. []

The next theorem establishes a bound on the norm of the optimal dual variable

using the underlying network properties.

Theorem 2.4.5. There exists an optimal primal-dual solution for problem (@,
denoted by (x*,z*,p*), that satisfies

“ 2 20
Wi = S aa@y

o4

(2.35)



where @ is a bound on ||OF(z*)|| with OF(x*) denoting the set of subgradients of
function F at point z* and pa(L(G)) is the second smallest positive eigenvalue of the

Laplacian matriz L(G) of the underlying graph.

Proof. Note that since the sub gradient of a real-valued convex function is compact,
we have that () < oco. Moreover, since problem (2.8)) has nonempty optimal solution
set with linear constraint and a polyhedral set constraint Z, strong duality holds and

there exists at least one primal-dual optimal solution.

Based on Lemma [2.4.7] to bound the norm of the optimal dual multiplier p*, we
only need to consider half of the elements. We define a bijection mapping between

R™™ and {p: R*"M p,; = —p;;}, with

A i<y,
Ap) = [pijlici, PNy = N
-\ j>i.

We have
Ip(VI1? = 2|l (2.36)

for all X in R™™. We will derive a bound on A(p*) for some optimal dual solution p*
by using the optimality of p* and then use the preceding equality to obtain desired

relation.

For any dual optimal solution p*, vectors A(p*) and p* are also via the node-edge
incidence matrix, denoted by A in R"™>*"N where Az is the compact representation

of the vector [x; — x;](; j)cp,i<;- By definition of matrix D, we have
(") Dz = (A(p")) Az (2.37)

for any z in R™V,

The necessary and sufficient conditions for a primal-dual solution (z*, z*, p*) to

be optimal are Dx* — z* = 0 [cf. Lemma [2.4.2] and (z*, 2*) minimizes the Lagrangian
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function F(x) — (p*)'(Dx — 2), i.e.,
F(z7) = (p) (D" = 2%) = Fx) + (p) (Dx — 2) <0,

Dzx* — z* =0,

where x is an arbitrary vector in R™, z is an arbitrary vector in Z. By combining

Lemma [2.4.7 and the fact that z;; = zj; for any z in Z, we have

(p")'z = Z Pijzij — Pizji = 0.
(i,))eE

Therefore we can rewrite the preceding inequality as

F(z*) — (p*)'Dx* — F(z) + (p*)'Dx <0, (2.38)
for any vector x.

We can now use Eq. to rewrite Eq. as
F*) — (")) Az — F(2) + (A\p")) Az <0,
for any x in R™V. This optimality condition is equivalent to
A'\(p*) € OF (z¥).
We let v denote that particular subgradient, i.e.,
A'\(p*) = v, (2.39)

for some dual optimal solution p*. Such v exists due to strong duality.

We observe that (z*, z*, p()\)), for any A satisfying A’A = v is a primal-dual optimal
solution for problem ([2.8]). We next find the A with the minimal norm and show that

it satisfies the desired condition. This A is the solution of the following quadratic
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program,

S
min o []A[]" (QP)

We denote by p* the optimal dual multiplier associated with the constraint A’\ =
v, which exists because (QP) is a feasible quadratic program. The optimal solution

to (QP) given p, denoted by \*, satisfies

ze arginin% A = (7Y (AA — o).
We can compute A\* by taking the first order condition and have
A= Ap’. (2.40)
The above relation and Eq. imply
A'Ap* = . (2.41)

The real symmetric matrix A’A can be decomposed into A’A = UAU’, where U
is orthonormal and A is diagonal with the diagonal elements equal to the eigenvalues
of A’A. The pseudo-inverse of matrix A’A denoted by (A’A)" is given by (A’A) =
UATU’, where AT is diagonal with

Al = ne A0 (2.42)
0  otherwise.

The product A’A is in R™*"Y and the (i,7) block of size R™" is —1 is agents i

and j are connected, the 7" diagonal block of size n x n is an identity matrix I(n)

multiplied by the degree of agent i, hence A’A = L(G) ® I(n), where ® denotes the

Kronecker product. Hence the set of distinct eigenvalues of matrix A’A are the same

as those of matrix L(G). This observation and Lemma suggest that the null

space of A’A is the span of vector of all 1.

Therefore, based on Eq. (2.41)), we can write u* = (A’A)'v + ae, where (A’A)T
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is the pseudo-inverse of the matrix A’A, « is any scalar, and e is the vector of all
1 in R™Y. We can then substitute this relation into Eq. and obtain \* =
A((AA)Tv + ae) = A(A’A)Tv, where we used the structure of matrix A to deduce
that Ae = 0.

Hence we can now bound the norm of A* by [|[M||> = o/ ((A’A)TY AA(A'A)ty =
v'(A'A)to < ||o]|* || (A’A)T||, where we used the property B BBf = Bt for B sym-
metric.

From definition of matrix (A’A)" in Eq. and the fact that A’A share the

same set of distinct eigenvalues as L(G), we have

1 1
AA)T|| < - '

By definition of scalar @), we also have |[v|| < Q.

The preceding three relations imply that |[\*||” < @

p2(L(G))"
We can now use Eq. (2.36) to relate the norm of A* and the dual optimal solution
p(A*). Thus we have established Eq. (2.35) for p* = p(\*). O

Theorem 2.4.6. Let {z* 2% p*} be the sequence generated by the distributed ADMM
algorithm (2.11)-(2.13) with initialization 2° = 0, 2° = 0, p° = 0 and average residual
7(T) be defined as in . Let y in R™ denote an optimal solution to the original
problem (@), scalar Q be a bound on OF(x*) for some optimal primal variable x*
and L(G) be the graph Laplacian matriz of the underlying network. The following
hold at each iteration T':

2

T TBpa(L(G))

] BN CAM |y
17(T)]| < m( e +1) +

and max || z;(T) — z;(T)||, < Tlﬁ (#(QG)) + nd(G)) —i—%w, where M is the number
2Y)

of edges in the network, d(G) is the diameter of the underlying graph and py(L(G))

is the second smallest eigenvalue (smallest positive eigenvalue) of matriz L(G).
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Proof. Under this particular initialization, the bounds from Theorems [2.4.3|and [2.4.4]

become

|F(z(T)) - 2P+ 27|, (2.43)

Fl <o 2T6|

and

IR < gy (Ul + 17+ 2 7 (2.44)

which hold for any primal-dual optimal solution (z*, z*, p*). We use Theorem [2.4.5|

QV2
p2(L(G))
have [2*];; = y for all pair (4,j) in E and thus ||z*|]] = v2M ||y||. The term ||z*||*

and have ||p*|| < . Since (z*,z*,p*) is a primal-dual optimal solution, we

can be written as ||z*||> = 2M ||y||>. We can finally use the preceding two relations

into Egs. (2.43)) and (2.44) and obtain the first two desired bounds.

To obtain the last bound, we observe that if agents 7, j are connected, then x; —z;
can be obtained by x; — x; = (z; — 2;;) — (z; — 2;;). Moreover, for any pair of nodes
i,7, we have |lz; — x|, = w'(Dz — z), where w is a vector in R*"™ of —1,0, 1 formed

by traversing a path from ¢ to 5 and adding pairwise difference.

For each pair of agents 4, j, we substitute p = p* — w into Eq. where w
is defined to be such that w'(Dz(T) — 2(T)) = ||z:(T) — &,;(T)||,- We then obtain
|2T) = 2(T)|, < Fa*) = F(@(T)) +p7(T) + 715 Ip° — p* + wl|" + 55 12 = 2|
By optimality of the primal-dual pair (z*, z*, p*), we have F(z*)— F(z(T))+p*r(T) <
0. Thus, the preceding relation implies ||z;,(T) — z;(T)|, < ﬁ 1p° — p* +wl|* +
% 1|2 — 2*||*. We then use the fact that ||a + b||* < 2]|a||*+2||b]|* and the fact that

p’ =0 and 2° = 0.

12:(T) = 25 (DIl < 75 ||p|| + 7z || I*+ o || II*

The right hand side is independent of ¢ and 7 and therefore holds for the maximum

pairwise difference, i.e.,

max [|Z:(T) ~ P11+ 7 ||w|| + o7 H II°

5O < 75
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By the definition of diameter of a graph we obtain ||w||* < 2nd(G) and using the

previously mentioned bounds on ||p*|| and [|z*|| the last bound is obtained. O

Hence we observe that the number of edges, diameter of the graph and the alge-
braic graph connectivity all affect the algorithm performance. The ideal graph would
be one with few links, small diameter and good connectivity. Expander graph, which
is a well connected sparse graph, for instance, would be a candidate for a graph where

the upper bounds suggest that our distributed ADMM algorithm converges fast.

2.5  Summaries

In this chapter, we present a fully distributed Alternating Direction Method of Multi-
pliers (ADMM) based method. We analyze the convergence property of the algorithm
and establish that the algorithm achieves O(1/k) rate of convergence, which is the
best known rate of convergence for this general class of convex optimization prob-
lems. We also show that the convergence speed is affected by the underlying graph
topology through algebraic connectivity, diameter and the number of edges. Future
work includes extending this network effect analysis to asynchronous implementation

and time-varying network topology.
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Chapter 3

Asynchronous Distributed ADMM
Based Method

3.1 Introduction

In this chapter, we consider a problem more general than (1.1) and we will show
that (1.1)) is a special case and can be solved using the algorithm developed in this
chapter. More specifically, we consider the following optimization problem with a

separable objective function and linear constraints:

min Zfz(xl) (3.1)

Here each f; : R — R is a (possibly nonsmooth) convex function, X; and Z are closed
convex subsets of R” and RY, and D and H are matrices of dimensions W x nN and
W x W. The decision variable x is given by the partition z = [2,..., 2] € R™Y,
where the z; € R™ are components (subvectors) of z. We denote by set X the product

of sets X;, hence the constraint on x can be written compactly as x € X.
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As in previous chapter, problem ((1.1)) can be equivalently written as

N

where A € RM™*N7 is the edge-node incidence matriyl| of network G. Variable x
is the vector [z1,m9,...,2y]. We will refer to this formulation as the edge-based
reformulation of the multi-agent optimization problem. Note that this formulation is
a special case of problem (3.1) with D = A, H =0 and X; = X for all 4.

In this chapter, we focus on the more general formulation and propose an
asynchronous decentralized algorithm based on the classical Alternating Direction
Method of Multipliers (ADMM). Asynchrony is highly desirable due to the lack of
central processing and coordinating unit in large scale networks. We adopt the fol-
lowing asynchronous implementation for our algorithm: at each iteration k, a random
subset U* of the constraints are selected, which in turn selects the components of x
that appear in these constraints. We refer to the selected constraints as active con-
straints and selected components as the active components (or agents). We design
an ADMM-type primal-dual algorithm, which at each iteration updates the primal
variables using partial information about the problem data, in particular using cost
functions corresponding to active components and active constraints, and updates
the dual variables corresponding to the active constraints. In the context of the
edge-based reformulated multi-agent optimization problem , this corresponds to
a fully decentralized and asynchronous implementation in which a subset of the edges
are randomly activated (for example according to local clocks associated with those
edges) and the agents incident to those edges perform computations on the basis
of their local objective functions followed by communication of updated values with

neighbors.

I The edge-node incidence matrix of network G is defined as follows: Each n-row block of matrix
A corresponds to an edge in the graph and each m-column block represent a node. The n rows
corresponding to the edge e = (i,5) has I(n x n) in the i** n-column block, —I(n x n) in the j**
n—column block and 0 in the other columns, where I(n x n) is the identity matrix of dimension n.
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Under the assumption that each constraint has a positive probability of being
selected and the constraints have a decoupled structure (which is satisfied by refor-
mulations of the distributed multi-agent optimization problem), our first result shows
that the (primal) asynchronous iterates generated by this algorithm converge almost
surely to an optimal solution. Our proof relies on relating the asynchronous iterates
to full-information iterates that would be generated by the algorithm that uses full
information about the cost functions and constraints at each iteration. In partic-
ular, we introduce a weighted norm where the weights are given by the inverse of
the probabilities with which the constraints are activated and construct a Lyapunov
function for the asynchronous iterates using this weighted norm. Our second result
establishes a performance guarantee of O(1/k) for this algorithm under a compact-
ness assumption on the constraint sets X and Z, which to our knowledge is faster
than the guarantees available in the literature for this problem. More specifically,
we show that the expected value of the difference of the objective function value and
the optimal value as well as the expected feasibility violation converges to 0 at rate
O(1/k).

This chapter is organized as follows: in Section [3.2], we focus on the more gen-
eral formulation , present the asynchronous ADMM algorithm and apply this
algorithm to solve problem in a distributed way. Section contains our con-
vergence and rate of convergence analysis. We study the numerical performance of
our proposed asynchronous distributed ADMM in Section [3.4l Section concludes

with closing remarks.

3.2 Asynchronous ADMM Algorithm

Extending the standard ADMM algorithm, as described in Section from the pre-
vious chapter, we present in this section an asynchronous distributed ADMM algo-
rithm. We present the problem formulation and assumptions in Section [3.2.1] In
Section [3.2.2] we discuss the asynchronous implementation considered in the rest of

this chapter that involves updating a subset of components of the decision vector
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at each time using partial information about problem data and without need for a
global coordinator. Section [3.2.3] contains the details of the asynchronous ADMM
algorithm. In Section [3.2.4] we apply the asynchronous ADMM algorithm to solve
the distributed multi-agent optimization problem ([L.1)).

3.2.1 Problem Formulation and Assumptions

We consider the optimization problem given in (3.1)), which is restated here for con-
venience:

N
min Z fi(zy)
i=1

T, €X;,2€EZ

st. Dx+Hz=0.

This problem formulation arises in large-scale multi-agent (or processor) environments
where problem data is distributed across N agents, i.e., each agent has access only
to the component function f; and maintains the decision variable component ;.
The constraints usually represent the coupling across components of the decision
variable imposed by the underlying connectivity among the agents. Motivated by
such applications, we will refer to each component function f; as the local objective
function and use the notation F : R™ — R to denote the global objective function

given by their sum:

N
F(z) = Z fi(z:). (3.3)
i=1
Similar to the standard ADMM formulation, we adopt the following assumption.

Assumption 3. (Ezistence of a Saddle Point) The Lagrangian function of problem

:
L(x,z,p) = F(x) — p'(Dx + Hz), (3.4)

has a saddle point, i.e., there exists a solution-multiplier pair (x*, z*, p*) with

L(z*,2%,p) < L(z*,2",p") < L(z, 2,p") (3.5)
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forallz in X, z in Z and p in RV

Moreover, we assume that the matrices have special structure that enables solving

problem ({3.1)) in an asynchronous manner:

Assumption 4. (Decoupled Constraints) Matriz H is diagonal and invertible. Each
row of matrix D has exactly one nonzero element and matrix D has no columns of

all zeros

The diagonal structure of matrix H implies that each component of vector z
appears in exactly one linear constraint. The conditions that each row of matrix D
has only one nonzero element and matrix D has no column of zeros guarantee the
columns of matrix D are linearly independent and hence matrix D’D is invertible.
The condition on matrix D implies that each row of the constraint Dx + Hz = 0
involves exactly one x;. We will see in Section that this assumption is satisfied

by the distributed multi-agent optimization problem that motivates this work.

3.2.2 Asynchronous Algorithm Implementation

In the large scale multi-agent applications descried above, it is essential that the
iterative solution of the problem involves computations performed by agents in a
decentralized manner (with access to local information) with as little coordination
as possible. This necessitates an asynchronous implementation in which some of the
agents become active (randomly) in time and update the relevant components of the
decision variable using partial and local information about problem data while keeping
the rest of the components of the decision variable unchanged. This removes the need
for a centralized coordinator or global clock, which is an unrealistic requirement in
such decentralized environments.

To describe the asynchronous algorithm implementation we consider in this chap-

ter more formally, we first introduce some notation. We call a partition of the set

2We assume without loss of generality that each z; is involved at least in one of the constraints,
otherwise, we could remove it from the problem and optimize it separately. Similarly, the diagonal
elements of matrix H are assumed to be non-zero, otherwise, that component of variable z can be
dropped from the optimization problem.
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{1,..., W} a proper partition if it has the property that if z; and z; are coupled in
the constraint set Z, i.e., value of z; affects the constraint on z; for any z in set Z,
then i and j belong to the same partition, i.e., {4, j} C 1 for some 1 in the partition.
We let IT be a proper partition of the set {1,..., W} , which forms a partition of the
set of W rows of the linear constraint Dz + Hz = 0. For each v in II, we define ®(¢))
to be the set of indices ¢, where x; appears in the linear constraints in set ). Note

that ® (1) is an element of the power set 2{1+N},

At each iteration of the asynchronous algorithm, two random variables ®* and W*
are realized. While the pair (®*, U*) is correlated for each iteration k, these variables
are assumed to be independent and identically distributed across iterations. At each
iteration k, first the random variable W* is realized. The realized value, denoted by ",
is an element of the proper partition II and selects a subset of the linear constraints
Dz + Hz = 0. The random variable ®* then takes the realized value ¢* = ®(y").
We can view this process as activating a subset of the coupling constraints and the
components that are involved in these constraints. If [ € ¥*, we say constraint [ as
well as its associated dual variable p; is active at iteration k. Moreover, if i € ®(¢*),
we say that component i or agent 7 is active at iteration k. We use the notation ¢*
to denote the complement of set ¢* in set {1,..., N} and similarly ¢* to denote the
complement of set ¥ in set {1,..., W}.

Our goal is to design an algorithm in which at each iteration k, only active com-
ponents of the decision variable and active dual variables are updated using local cost
functions of active agents and active constraints. When an agent becomes active,
it will update using the current locally available information (potentially outdated)
and hence no central coordination or waiting is required. To that end, we define
fF : R"™ — R as the sum of the local objective functions whose indices are in the

subset ¢

fix) =Y filw),

We denote by D; the matrix in R">*"" that picks up the columns corresponding to

x; from matrix D and has zeros elsewhere. Similarly, we denote by H; the diagonal
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Figure 3-1: Asynchronous algorithm illustration: When edge (2,3) is active, only
agents 2 and 3 perform update, while all the other agents stay at their previous
iteration value.

matrix in RY>*W which picks up the element in the {** diagonal position from matrix

H and has zeros elsewhere. Using this notation, we define the matrices

Dy=> D; and Hy =Y H,.

i€pk leyk

We impose the following condition on the asynchronous algorithm.

Assumption 5. (Infinitely Often Update) For all k and all v in the proper partition
IT

)

This assumption ensures that each element of the partition II is active infinitely
often with probability 1. Since matrix D has no columns of all zeros, each of the x;
is involved in some constraints, and hence Uyen®(¢) = {1,..., N}. The preceding
assumption therefore implies that each agent i belongs to at least one set ®(1) and
therefore is active infinitely often with probability 1. From definition of the partition
II, we have Uyenyy = {1,...,W}. Thus, each constraint [ is active infinitely often
with probability 1.

3.2.3 Asynchronous ADMM Algorithm

We next describe the asynchronous ADMM algorithm for solving problem ([3.1]).
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I. Asynchronous ADMM algorithm:
A TInitialization: choose some arbitrary z° in X, 2% in Z and p° = 0.

B At iteration k, random variables ®* and W* takes realizations ¢* and w*.

Function f* and matrices Dk, Hyr are generated accordingly.

a The primal variable x is updated as

RS argril{in fF(x) — (") Dy + g || Dgra + sz| ‘2 : (3.6)
re
with ¥ = ¥ for i in ¢F.

b The primal variable z is updated as

2" € argmin —(p") Hyrz + g ||Hyrz + Dgea™| ‘2 : (3.7)
2€Z

with 251 = 2* for ¢ in ¥

i

¢ The dual variable p is updated as

pk+1 fry pk —_ /B[Dd)k])k-i—l + H¢k2k+1]¢k (38)

We assume that the minimizers in updates (3.6) and (3.7)) exist, but need not be
unique The term g HD(z,k.T +H zk'| ‘2 in the objective function of the minimization

problem in update can be written as
N\ Dasar + HH [ = 2| Dyl + B4y Do+ 2 | [HH7,

where the last term is independent of the decision variable  and thus can be dropped

3Note that the optimization in and are independent of components of = not in ¢F
and components of z not in ¢¥* and thus the restriction of xf“ = J;f, for i not in ¢* and zf“ = z,’f,
for i not in ¢* still preserves optimality of ¢t and z**! with respect to the optimization problems
in update and .
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from the objective function. Therefore, the primal z update can be written as

2" € argmin f¥(x) — (p" — BHZ") Dyex + g || D] ‘2. (3.9)
zeX

Similarly, the term g HHwkZ + D¢k$k+1”2 in update 1) can be expressed equiva-

lently as
B E+1012 B 2 k+1y/ B k+11]2
5 |[Hyez + Dy " = 2 |[Hyez| [+ B(D e ) Hyrz + 3 [ Dy |7

We can drop the term g |‘D¢k$k+1”2, which is constant in z, and write update 1}

as

e argmin —(p¥ — BD g Hywz + g || H e 2| ‘2 : (3.10)
z2€Z

The updates (3.9) and (3.10) make the dependence on the decision variables z and z
more explicit and therefore will be used in the convergence analysis. We refer to (3.9)

and (3.10)) as the primal x and z update respectively, and (3.8) as the dual update.

3.2.4 Special Case: Distributed Multi-agent Optimization

We apply the asynchronous ADMM algorithm to the edge-based reformulation of the
multi-agent optimization problem E| Note that each constraint of this problem
takes the form z; = x; for agents ¢ and j with (¢, j) € E. Therefore, this formulation
does not satisfy Assumption [4]

We next introduce another reformulation of this problem, used also in Example
4.4 of Section 3.4 in [3], so that each constraint only involves one component of the

decision Variable.ﬂ More specifically, we let N(e) denote the agents which are the

for each endpoint of each edge. Using this variable, we can write the constraint

4For simplifying the exposition, we assume n = 1 and note that the results extend to n > 1.
5Note that this reformulation can be applied to any problem with a separable objective function
and linear constraints to turn into a problem of form (3.1) that satisfies Assumption
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x; = x; for each edge e = (7,7) as
T = Zeiy —Xj = Zej,  Zei t 2ej = 0.

The variables z.; can be viewed as an estimate of the component z; which is known

by node i. The transformed problem can be written compactly as

v, €X,2€Z

min Z fi(zs) (3.11)

st. Auri= 24, e=1,...,M,i€ N(e),

where Z is the set {z € R*M | qu/\/(e) Zeg = 0, e=1,...,M} and A, denotes
the entry in the e’ row and i** column of matrix A, which is either 1 or —1. This
formulation is in the form of problem (3.1) with matrix H = —I, where [ is the
identity matrix of dimension 2M x 2M. Matrix D is of dimension 2M x N, where
each row contains exactly one entry of 1 or —1. In view of the fact that each node is
incident to at least one edge, matrix D has no column of all zeros. Hence Assumption
[ is satisfied.

One natural implementation of the asynchronous algorithm is to associate with
each edge an independent Poisson clock with identical rates across the edges. At
iteration k, if the clock corresponding to edge (i, j) ticks, then ¢* = {i,j} and ¥*
picks the rows in the constraint associated with edge (i, j), i.e., the constraints x; = z;
and —z; = zejﬁ

We associate a dual variable p,; in R to each of the constraint A.x; = z.;, and

denote the vector of dual variables by p. The primal z update and the dual update
[Egs. (3.7) and (3.8])] for this problem are given by

ke zf]ffl = argmin —(pF) (AezP™ — z,) — (psj)'(Aeja:;?H — Zej) (3.12)
Zeiyzejvzei+zej:0
s

2

Z

k+1 2 k+1 2
5 ([JAaahtt = 2l + || Agah ™ = 2][%)

SNote that this selection is a proper partition of the constraints since the set Z couples only the
variables z¢i for the endpoints of an edge e.
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p]eczj—l = plc:q - B(Aeq$§+1 - 25;1) for q=1,J.

The primal 2z update involves a quadratic optimization problem with linear con-
straints, which can be solved in closed form. In particular, using first order optimality

conditions, we conclude

1 1

25t = S (=py = )+ A, 2 = (=Pl = T+ Agal Tt (3.13)
B B
where v**! is the Lagrange multiplier associated with the constraint z.; + 2e; = 0 and
is given by
1 p
'ljk+1 — 5(—])]; — plgj) + §(Aeixf+l + Aej$?+1). (314)

Combining these steps yields the following asynchronous algorithm for problem
(3-2), which can be implemented in a decentralized manner by each node ¢ at each

iteration k having access to only his local objective function f;, adjacency matrix
k

entries A, and his local variables z¥, zX, and pf, while exchanging information with

one of his neighbors/]

II. Asynchronous Edge Based ADMM algorithm:

A TInitialization: choose some arbitrary z in X and 2° in Z, which are not

necessarily all equal. Initialize p2; = 0 for all edges e and end points i.
B At time step k, the local clock associated with edge e = (1, j) ticks,

a Agents ¢ and j update their estimates z¥ and x;“ simultaneously as

. B 2
$§+1 = argg{ln fq(xq) - (pk)/Aqxq + 9 HAq(xq - Zk)H
Tq
for ¢ =7, 7. The updated components of xf“ and a:?“ are exchanged

"The asynchronous ADMM algorithm can also be applied to a node-based reformulation of prob-
lem , where we impose the local copy of each node to be equal to the average of that of its
neighbors. This leads to another asynchronous distributed algorithm with a different communication
structure in which each node at each iteration broadcasts its local variables to all his neighbors, see
[73] for more details.
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over the edge e, while all the

b Agents i and j exchange their current dual variables p¥, and p’gj over
the edge e. For ¢ = i,j, agents ¢ and j use the obtained values to

compute the variable v¥*1 as Eq. (3.14)), i.e.,

1
R — 5(_]9’;, _ p’gj) + g(Aeixf‘i'l + Aej$§+1).

and update their estimates 2% and zfj according to Eq. 1} ie.,

Lkl

k k+1 k+1
eq (_peq -v ) + Aeq$q .

|~

k+1
el

¢ Agents i and j update the dual variables p’™* and p’e“;rl as

k+1 __ k+1

Peq = U for ¢ =1, 7.

d All other agents keep the same variables as the previous time.

We note that A, is the column of matrix A associated with agent ¢g. Both of the
terms (p*) A x, and A,(z, — 2*) can be computed using information local to node
q, i.e., the information about p,; and z,; for j in the neighborhood of ¢. Therefore,
this algorithm can be implemented in a distributed way. This algorithm is also
asynchronous, since agents can wake up according to their local clock and use their
current available (potentially outdated) information. In the case where each time an
edge becomes active at random, other than coordination between a pair of nodes on
the same active edge, no other waiting or coordination is required to implement this

asynchronous algorithm.
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3.3 Convergence Analysis for Asynchronous ADMM
Algorithm

In this section, we study the convergence behavior of the asynchronous ADMM al-
gorithm. We show that the primal iterates {z*, 2%} generated by and
converge almost surely to an optimal solution of problem . Under the additional
assumption that the primal optimal solution set is compact, we further show that the
corresponding objective function values converge to the optimal value in expectation

at rate O(1/k).

We first recall the relationship between the sets ¢* and 1* for a particular iteration
k, which plays an important role in the analysis. Since the set of active components
at time k, ¢¥, represents all components of the decision variable that appear in the

active constraints defined by the set ¥, we can write

We next consider a sequence {y*,v¥, u*}, which is formed of iterates defined by
a “full information" version of the ADMM algorithm in which all constraints (and
therefore all components) are active at each iteration. We will show that under the
Decoupled Constraints Assumption (cf. Assumption , the iterates generated by

k2% p*) take the values of (y*,v* uF) over the sets

the asynchronous algorithm (x
of active components and constraints and remain at their previous values otherwise.
This association enables us to perform the convergence analysis using the sequence
{y®,v*, ¥} and then translate the results into bounds on the objective function value

improvement along the sequence {z*, 2% p¥}.

More specifically, at iteration k, we define y**+* by

. B
y**! € argmin F(y) — (p* — BH=") Dy + || Dyl|*. (3.16)

yeX
Due to the fact that each row of matrix D has only one nonzero element [cf. As-
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sumption , the norm || Dy||* can be decomposed as S°~ | || Dyyi||*, where recall that
D; is the matrix that picks up the columns corresponding to component z; and is
equal to zero otherwise. Thus, the preceding optimization problem can be written as

a separable optimization problem over the variables ;:

N
| 8
Yt e Y angmin fi(y) — (0 = BH) Dags + 5 1Diwil

i=1 yiEXi
Since f*(x) = e fi(wi), and Dye = 37, i Di, the minimization problem that
defines the iterate 2**! [cf. Eq. (3.9)] similarly decomposes over the variables z; for
i € ®*. Hence, the iterates 2**! and y**! are identical over the components in set
¢F, Le., [2F) 4 = [yF*!] 4. Using the definition of matrix Dy, i.e., Dy = > icor Dis

this implies the following relation:
Dgea™tt = Dyt (3.17)

The rest of the components of the iterate 2! by definition remain at their previous

k—l—l] o

value, ie., [£" g = [2%] 4.

Similarly, we define vector v**! in Z by

v € argmin —(p* — BDyFTY Ho + g ||Ho||*. (3.18)

veEZ

Using the diagonal structure of matrix H [cf. Assumption 4] and the fact that IT is
a proper partition of the constraint set [cf. Section [3.2.2], this problem can also be

decomposed in the following way:

: B 2
ot € angmin Y —(pF — 8Dy Hylol + 5 I1Hofolul
v,[oly €2y e
where Hy is a diagonal matrix that contains the {"* diagonal element of the diagonal
matrix H for [ in set ¢ (and has zeros elsewhere) and set Zy, is the projection of set
Z on component [v]y. Since the diagonal matrix Hyr has nonzero elements only on

the [*" element of the diagonal with [ € ¢*, the update of [v],, is independent of the
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k+1

other components, hence we can express the update on the components of v in set

P* as
[, € argmin —(p* — 8Dy ) Hynz + g || Hyr 2| ‘2 :

veZ
By the primal z update [cf. Eq. (3.10))], this shows that [zF*!],« = [v*™].. By

k+1

definition, the rest of the components of z remain at their previous values, i.e.,

[Zk+1]qzk == [Zk]q/;k .

Finally, we define vector p**! in R" by
Pt = pF — 3Dyt + HoR ). (3.19)

We relate this vector to the dual variable p**! using the dual update [cf. Eq. (3.8))].
We also have

[D¢kxk+1]wk = [D¢,kyk+1]¢k = [Dyk+1]wka

where the first equality follows from Eq. and second is derived from Eq. .
Moreover, since H is diagonal, we have [Hye2"] 0 = [Ho*t!],c. Thus, we obtain
[P" e = [ yr and [P = ¥
A key term in our analysis will be the residual defined at a given primal vector
(y,v) by
r = Dy + Hv. (3.20)

k—O—l7 k—l—l)

The residual term is important since its value at the primal vector (y specifies

the update direction for the dual vector p**! [cf. Eq. (3.19)]. We will denote the

(Y

residual at the primal vector (y*+1, v**1) by

rFtl = Dyt HoR (3.21)

3.3.1 Preliminaries

We proceed to the convergence analysis of the asynchronous algorithm. We first
provide some preliminary general results on optimality conditions (which enable us

to linearize the quadratic term in the primal updates of the ADMM algorithm) and
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feasibility of the saddle points of the Lagrangian function of problem (using
Lemma from previous chapter and Lemma and . We then use these results
to provide bounds on the difference of the objective function value of the vector
y* from the optimal value, the distance between p* and an optimal dual solution
and distance between v¥ and an optimal solution z*, which will be used later to
establish convergence properties of asynchronous algorithm (see Theorem . We
also provide a set of sufficient conditions for a limit point of the sequence {z*, z*, p*}
to be a saddle point of the Lagrangian function, which is later used to establish almost
sure convergence (see Lemma [3.3.5). The results of this section are independent of
the probability distributions of the random variables ®* and W*.

The next lemma establishes primal feasibility (or zero residual property) of a

saddle point of the Lagrangian function of problem ((3.1)).

Lemma 3.3.1. Let (z*, z*,p*) be a saddle point of the Lagrangian function defined

as in Eq. of problem . Then
Dz* + Hz" =0, . (3.22)

Proof. We prove by contradiction. From the definition of a saddle point [cf. Eq. (3.5])],

we have for any multiplier p in RY, the following relation holds
F(x*) —p(Dx* + Hz*) < F(2*) — (p*) (Dx* + Hz"),

e, p/(Dx*+ Hz*) > (p*)(Dx* + Hz*) for all p.

Assume for some i, we have [Dz* + Hz*]; # 0, then by setting

(p*)'(Dz*+Hz")—1

ﬁj _ [Dax*+Hz*); for ‘7 - i’
0 for j #1,

we arrive at a contradiction that p'(Da*+ Hz*) = (p*)(Dx*+ Hz*)—1 < (p*) (Dx*+
Hz*). Hence we conclude that Eq. (3.22)) holds. ]

The next lemma uses Lemma, to rewrite the optimality conditions for the iter-
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ates (2%, 2F) and (y*, v*), which will be used later in Theorem to establish bounds

on the two key quantities: F(y*1)—p/r*1 and % ||t — p* 2+§ || H (v — 27)

|2

Lemma 3.3.2. Let {x*, 2% p*} be the sequence generated by the asynchronous ADMM

algorithm @—(@ Let {y* v*, uk} be the sequence defined in Egs. —
and (x*,z*,p*) be a saddle point of the Lagrangian function of problem . The

following hold at each iteration k:

(a) For ally € X, we have

FE@) = T BH (2 ok D) Dyry > (@) 4 [ BH (2R ) Dyt

(3.23)
(b) For allv € Z, we have
— (FTY Hyeo > —(pF ) Hp A (3.24)
(¢c) For all p € RV, we have
F(a*) = F(y*) + /e (3.25)

— = YY) = BLH(E - P GH (R — (- o) > 0

(d) We have
(r*TY H(2F — oF ) > 0. (3.26)

Proof. (a) By Lemma and definition of y**! in Eq. (3.16)), it follows that y***
is the minimizer of the function F(y) + [—p* + B(Dy*** + H2*)]' Dy, i.e.,

F(y) + [=p" + B(Dy*" + H2*)'Dy > F(y**") + [—p* + B(Dy**' + H2")) Dy,

for any y in X.
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Recall the definition of p*™! in Eq. :
P = pF  B(DyM 4 HoR Y,
which implies
PP+ B(DY I+ HE) = —ph+A(Dy A HO ) BH (F o) = — T BH (o),

We now apply the equivalent representation of the term —p* + B(Dy*+t + Hz¥)

to the preceding inequality and obtain,

F(y) + [-pF + BH(ZF — oM Dy > F(y"*) + [—p" + BH (2" — 0P Dy

By setting y; = yf™" for all j & ¢* and canceling the terms that appear on both sides,

we have only the components related to f* and D gk remain, i.e.,
fk(y) + [—uk+1 +5H(Zk o Uk+1)]/D¢ky Z fk(yk:—i—l) + [_#kz—i-l —I—ﬁH(Zk . Uk+1)]/D¢kyk+1.

The above relation combined with the fact that [2*™]u = [y*™], and Eq. (3.17),

ie., Dgea®tt = Dyuy*t!, proves part (a).

(b) Lemma implies that the vector v**! is the minimizer of the function
[_pk + 5<Dyk+1 + HU’“H)}/HU _ —(ukﬂ)/Hv,
where we used the definition of p**1 [cf. Eq. (3.19)]. This yields for all v € Z,
. (/Lk+1)/HU > —(/Lk+1)/HUk+l. (327)

Setting v; = U;-H_l for all j & ¥* and canceling the terms that appear on both sides,
we have only the components corresponding to ¥* remain in the preceding inequality,
Le., —(WHY Hlv]yr > —(pFtt) H[vF 4 k. By using the diagonal structure of H, and
the fact that [p"™]. = [y, [FT e = [0¥THyx, this shows Eq. (3.24)) for all v
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in Z.

(c) We apply Eq. (3.21) to rewrite the terms Dy**! and Dy in Eq. (3.23) and

obtain

F()+p o BH () (1= o) 2 P+l BH o) (4 o),

By adding the above two inequalities together and rearranging the terms, we

obtain
F(y) . F(yk—H) + 5[H(Zk o Uk+1) o Nk+1]/(7“ . T’k+1) . B[H(Z’k o "Uk+1)]/H(’U . Uk+1) > ()

for all y in X and v in Z. We then set y = z*, v = z* in the preceding relation and

by Lemma |3.3.1) we have r = Hz* 4+ Dz* = 0. Thus, we have

F(SL‘*) . F(ykJrl) —l—ﬁ[H(Zk _Uk+1) _Mk+1]/(_7ak+1> —ﬂ[H(Zk _vk+1)]/H(2* _vk+1) > 0.

By adding and subtracting the term p/r*+! from the left-hand side of the above

inequality, and regrouping of the terms, we obtain

F(a*) = F(y*) + /e — [ — M M) = BLH (28 — oF ) e

. 6[H<Zk . Uk+1)]/H(Z* . Uk—i—l) > ().

(d) We next establish Eq. (3.26)) by using the following equality

H=> H,,

where we used the fact that the values of sets ¢ form a partition of the constraints.
Fix any k. For any set 1, we denote by 7 the largest iteration number where ¢™ = v

and 7 < k. Then the dual variable p and primal variable z corresponding to the
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constraints in set 1) was last updated at time 7, i.e.,

pffl =...= pfjj, and z?fl =...= ZZZ (3.28)

By Eq. (3.24)), we have
—<pT+1)/H¢U Z _<pT+1)/HwZT+1’

for all v in Z, where we used the fact that )" = 1. Since multiplication by H, picks
components of a vector in set 1, we can use Eq. (3.28) and replace p™** with p*, 271

k

with 2*, set v = v**! and have

_(pk‘wa(,Uk‘-i-l _ Zk) 2 0.
The preceding relation holds for all v, thus we can sum over all sets ¢ and obtain

Z —(pk)/H¢(Uk+l o Zk) _ _(pk)/H(,Uk-i-l . Zk:) > 0’
Pell

We then substitute v = z* into Eq. (3.27)), which yields
_(,ukJrl)/H(Zk . UkJrl) > 0.

The above two inequalities together with Eq. (3.19) imply the desired relation

l(pk o ,uk—H)/H(Zk . vk:-i-l) — (?"]H_l)/H(Zk o Uk:-i-l) > 0.

p

O

The following lemma provides an equivalent representation of some terms in Eq.
(3.25)), which will be used to derive the bounds on the two key quantities F'(y**!) —

Irkl 2+§ ‘ ’H(v’CH —2%) ’ |2. The proof is based on the definition

wr

of residual r

k+1 *
-Pp

and%H,u

*1 and algebraic manipulations, similar to those used in [28] and [34].
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Lemma 3.3.3. Let {z*, 2 p*} be the sequence generated by the asynchronous ADMM

algorithm @-@) Let {y*,v*, ¥} be the sequence defined in Eqs. -.

The following holds at each iteration k:

(= ) () = BT HM - ) - BT - AYHH( - o) (3.29)

1
=33 (1= = wl|* = 110" = ul?) +§ (|[6* )|~ [|E G o))

+ g Hrk-i-l _ H(Uk:-i-l _ Zlf)H?7
for ally in X, v in Z and p in RV,
Proof. It is more convenient to multiply both sides of Eq. (3.29)) by 2 and prove

— 2>t — ) (PR = 28(r MY H (VMY — 2F) — 280 — 2R H'H (v — o)
(3.30)

= % (= = wl|* = {p* = wl?) + 8 (|[HE = o) = ||HE - o))

Ty HTkH _ H(Uk-H _ Zk)HZ'

Our proof will use the following two identities:
PETL = gL (3.31)
which follows from Eqs. and the definiton of the residual r**!, and
lla +b]|* = ||al|* + |[b]|* + 24’0, (3.32)

for arbitrary vectors a and b.

We start with the first term —2(p**! — p)'r**1 on the left-hand side of Eq. (3.30)).
By adding and subtracting the term 2(p*)'r*+1, we obtain

2
_Q(Mk—H o M)/Tk-i-l — _2<Iuk+1 o pk +pk _ M)/rk—f—l — 25 H,rk-HH _ 2(pk; . [L)/’I",H—l,
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where we used Eq. (3.31)) to write (uf+t — pF)rk+tl = -3 Hr’“HHZ. Using Eq. (3.31

once more, we can write the second term on the right-hand side as

2
—E(p’“—ﬂ)’(p — ) = (Hu 1P == 2t

—Hp - 7).

—2(p* — p)'r*Ht =

where we applied identity Eq. (3.32) to p — p*! = (u — p*) + (p* — p**1). We also
observe that Eq. (3.31)) also implies

Bl = H -

We combine the above three equalities and obtain
~2u e = (P = )

We apply Eq. (3.32) to 7**1 — H(vF*l — 2%) = okl 4 (—H (k! — 2%)) and
therefore can represent the second term on the left-hand side of Eq. (3.30)), i.e
—2B(r* ) H (v — 27), as,

_25(7J€+1)/H(0k+1 . zk) -8 Hrk+1H2 —3 HH(,Uk’-i-]. . Zk)HQ 1B Hrk—s-l _ H<Uk+1 _ Zk)Hz
(3.34)

The third term can be expressed similarly. Based on the identity H(zF —v) =
H(2* — o* ) + H(v*! — ) and Eq. (3.32)), we obtain

HH(Zk_U>H2 _ HH(Zk_karl)H2+ HH<UI€+1 _v)|‘2+2(2k_Uk+1)/H/H<Uk+1 —v),

which implies the third term of the left-hand side of Eq. (3.30)), i.e., —28(v*! —

MY H'H (v — v¥*1), can be written as

2B — MY H H (v — oY) = B|[H(E — oY 4 B[ HM —o)||P - B||H(* )| [
(3.35)
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By combing the equivalence relations for all three terms [cf. Eq. s (3.33)), (3.34))
and (3.35))], we have

_ Q(Nk+1 . Iu)/(,rk—i-l) o 26(Tk+1)IH(Uk+1 o Zk) o 26(,Uk:+1 . Zk),H,H(U . ,Uk—i—l)
=6 (I = [ + 8 (|G = IF = [ = ]F)
+% (o= 11 = o= 947 4 B[ = H @R =)

+ B[ HW = 0)|[* = B ||[H(* = o).

The terms in the first two parentheses cancel out, establishing the desired result. [

The next theorem combines the preceding results and provides bounds on two

1, k+1 2 + g HH(UIH-l . Z*)

key quantities, F(y**!) — u'r k1 o

P ‘2. These

1
and 25 Hu
quantities will be related to the iterates generated by the asynchronous ADMM al-
gorithm via a weighted norm and a weighted Lagrangian function in Section |3.3.2

k1l _ 2+§|}H(vk+1—z*)

The weighted version of the quantity % H 1 P ‘2 is used

to show almost sure convergence of the algorithm and the quantity F(y**+!) — p/rk+1

is used in the convergence rate analysis.

Theorem 3.3.1. Let {x* 2% p*} be the sequence generated by the asynchronous
ADMM algorithm (@—(@ Let {y* v u¥} be the sequence defined in Eqs. —
3.19) and (z*, z*,p*) be a saddle point of the Lagrangian function of problem )
The following hold at each iteration k:

Fz*) — Py + e+t > % <H,uk:+1 _ NJHQ _ Hpk _ /’JH2> (3.36)

+ D ([ = 2P ([ =) + 21+ ek ),
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for all p in RY, and

2 k *

—[lp* = p

— HH(Zk —2")

)

(3.37)

(HH k+1 Z*) 2

wlm

1
0 _( kE+1 o«
2 In p

)+
e R A

Proof. By Lemma [3.3.0(c), we have

F(a) = F(y*H) + o

— = YR = B = oM BH(R — O H( - o) > 0,

Using Eq. (3.29)) with v = z* (cf. Lemma [3.3.3)), we can express the last three terms
on the left-hand side of this inequality as
(= Y () B H(E o) 4 B oY HH (2 — o)
1 k+1 2 k 2 B k+1 "NIE
=25 (It =l = 112" =) + 5 (1@ = 2)

+ g H,r,kJrl - H(vkﬂ _ zk)H27

— HH(zk —2")

)

Lemma [3.3.0(d)| implies,

HTkJrl o H(Uk+1 _ Zk)H2 _ ‘|Tk+1‘|2 + HH<UR+1 - Zk)H2 + Q(Tk+1>/H(Zk _ vk“)

> [ [[H = N
Combining with the preceding relation, we obtain

Ft) = ) + e 2 o ([ = P = [l = )

=%
+§<|‘H(vk+1—z*) 2 2) H k+1H 4P HH k+1

— HH(zk —2)

showing Eq. (3.36)).
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To show Eq. (3.37), we let 4 = p* in the preceding inequality:

2 k *

— [l = p

)

W= [|H (- =)

Fa) = P + ()0 = o (e =
+ 0 (| -

O D =)

)

By Assumption [3] we have
F(yk:-l-l) _p*rk’—i-l 2 F(ZL‘*) —p*(DZ'* + HZ*) _ F(.CE*),

where the equality follows from result Dz* + Hz* = 0 in Lemma We then

combine the above two inequalities and obtain

Huk+1 _p*H2 _ Hpk _p*H2> X g (HH(UkH _

NP+ s - )

NI)

>t
26
+

which establishes Eq. (3.37)). O

The next lemma provides a set of sufficient conditions for a vector to be a saddle
point of the Lagrangian function. It will be used to establish Lemma [3.3.5, which

analyzes the limiting properties of the sequence {z*, 2, p*}.

Lemma 3.3.4. A point (z*,z*,p*) is a saddle point of the Lagrangian function
L(zx, z,p) of problem iof it satisfies the following conditions:

[Dz*+ Hz*|; =0 foralll=1,...,W, (3.38)

filx?) — (p*) Dix* < fi(x;)) — (p*) Dz foralli=1,...N, v € X, (3.39)

1

) Z Hyz" < —(p*) Z Hyz  forall z € Z. (3.40)

pell eIl

Proof. From the definition of a saddle point [cf. Assumption [3], a point (z*, 2*, p*) is
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a saddle point of the Lagrangian function L(x,z,p) = F(x) — p'(Dx + Hz) if
L(x", 2%, p) < L(x7, 2", p*) < L(x, 2, p"),

for any x in X, z in Z and p in RY. We derive the sufficient condition (3.38) from
the first inequality and (3.39)-(3.40) from the second inequality.

The first inequality L(z*,z*,p) < L(x* 2% p*), by using definition of the La-

grangian function can be written as
—p'(Dz* + Hz*) < —(p*)(Dz* + Hz*).

This holds for all p in RY if Eq. (3.38), i.e., [Dz*+Hz*]; = 0, holds foralll = 1,... W.
The second inequality L(z*, 2% p*) < L(z,zp*), by the definition of the La-

grangian function can be written as
F(a*) — (p")(Da* + Hz") < F(z) — (p*) (Dx* + Hz").

We now substitute equalities Fi(z) = SI, fi(z;), D = 3.~ | D; and H = > wen Hy

and obtain
SO — ) D] — ) S Hyr < 3 [ — 7)Y Dial — (07 S Hye,
i=1 Yell i=1 Pell

Since the vector D;x only involves z;, we have that the above inequality is separable
in ;. The above inequality can further be decomposed into terms related to variable
x and terms related to variable z. Hence the above inequality holds for all z in X, 2

in Z if the following two inequalities are satisfied,

filw?) = (p*)' Dix™ < fi(w;) — (p*) D,

which are relations (3.39)) and (3.40). O
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The following lemma analyzes the limiting properties of the sequence {z*, 2%, p*}.
The results will later be used in Lemma [3.3.7, which provides a set of sufficient
conditions for a limit point of the sequence {2*, 2% p*} to be a saddle point. This is

later used to establish almost sure convergence.

Lemma 3.3.5. Let {x*, 2% p*} be the sequence generated by the asynchronous ADMM

algorithm (@—(@ Let {y*,v* ¥} be the sequence defined in Eqs. —.

Suppose the sequence {Hrk“Hz + HH(U]"’H — zk)Hz} converges to 0 and the sequence
{2* pF} is bounded, where each vector r* is the residual defined as in Eq. .
Then, the sequence {x*,y* 2*} has a limit point, which is a saddle point of the La-

grangian function of problem .
Proof. We will establish the lemma in three steps:
(a) The scalar sequence {||Da*™ + Hz"*!||} converges to 0.
(b) The sequence {z*, 2*, p*} is bounded, and therefore has a limit point.

(c) A limit point {Z, Z, p} of the sequence {z*, 2* p*} is a saddle point of the La-
grangian function of problem (3.1)).

k+1

We first explicitly write down the components of the vectors Dz**! + Hz**! and

L pk+L (in particular the

p**1 in terms of the iterates at time k and vectors y*+1, v*+
residual vector r**1), for each k and each realization of random variables ®* and W*.
The properties of vector Dx**! + HzF*! will be used in proving part @ and those
of vector p**! will be used to establish part .

By Assumption [, each row [ of matrix D has exactly one nonzero element. We
denote this element by (/). By the definition of random variable ¢* = ®(¢*) in
our asynchronous implementation [cf. Section , if constraint [ is active, then
component () is active, i.e., if [ € ¥, then i(l) € ¢F. However, note that even
though constraint [ is not active, i.e., [ ¢ 1* we could have component i(l) active,

i.e., i(l) € ¢* (since that component may appear in another row of matrix D, which

may become active at iteration k). Thus the index [ falls into one of the following
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three cases and we investigate the change in the components [Dz**! + H2**!]; and

pI™ in each scenario.

(I) When i(l) & ¢* and | & ¢*, we have the z;(), 2 and p; associated with the I

row of the constraint stay at their values form the previous iteration, hence,
[D:L’kJrl + H2k+1]l = [Dl’k + HZk]l,

and

k+1 _ _k
b =D

(II) When i(l) € ¢* and | € ¢*, the variables z;(), 2, and p; all update at iteration

k, and we have

[Dl'kJrl 4 sz+1]l — [DykJrl 4 H’UkJrl]l — [rk+1]l

Y

and

k+1 _  k+1
b =K

(IIT) When i(l) € ¢* and | ¢ ", variable x;;) updates, while variables z and p
remain at the same value as the previous iteration. We have [Dz*1]; = [Dy**1],

and [Hz**1], = [H2*];, therefore
[ka+1 —i—HZkJrlh — [DykJrl +H<Uk+1 _ ,Uk+1 —i—Zk)]l — [rk+1]l _ [Hl(vk“ _ Zk)]l,

and

k41 ko k41 k+1
b =P =y +57"z )

where the last equality follows from Eq. (3.19).
Letl € {1,...,W}. We now proceed to prove part by showing that limy_, o[ Dz 1+

HzF1], = 0. Since the scalar sequence {HTHIHQ + HH(ka - Zk)HQ} converges to

0 and both of the terms are nonnegative, the scalar sequences HH (VP — zk)H2 and
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|[rFH] ‘2 both converge to 0, which implies that

lim Hy(v"™ —2¥) =0 (3.41)
k—o0
and
lim [r*F1]; = 0. (3.42)
k—o00

Let k£ be any iteration count larger than the first time when all ¢ in II have
been active for at least once. Because each set ¢ appears infinitely often in the
asynchronous algorithm [cf. Assumption , such finite index k exists with probability
1. Define 7(k, i) to be the last time x; is updated up to and include k, i.e., 7(k,i) < k,

and 7(7(k,i),i1) = 7(k,i). Recall the three scenarios, we have

[Dak + HzF), for [ in case I, and 7(k,7) < k,
[Da* ™ + H, = S [pkt, for [ in case II, and 7(k,i) = k,
[k, — [Hy (0%t — 2%)]; for [ in case 111, and 7(k,i) = k.
(3.43)
In case I, we have
[Da! 4 HAH = L = [Dam+1 | o+,

Since 7(7(k,1),1) = 7(k, 1), from Eq. (3.43), we have
[Dmr(kﬂ')-i-l + Hzr(k,i)+1]l _ [Tr(k,i)-i—l]l or [Tr(k,z')—i—l]l . [HZ(UT(k7i)+1 _ ZT(kJ(L’))]l.
Thus we can conclude that for each k£ and [

[ka—i-l + sz-i-l]l _ [TT(k,i)-H]l or [TT(k’i)+1]l . [Hl(vr(k,i)—&-l _ z’l’(k,’i))]l.

By Egs. (3.41)) and (3.42)), both of the sequences [r*!]; and [r**1], — [H;(vF*! —

2¥)]; converges to 0 as k grows large, which implies both sequences [r™*9+1]; and

[rT®+1], — [Hy(v7®+ — 27 (kD)], converges to 0 as k grows large, since the function
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7(k, 1) is monotone in k and is unbounded. Therefore, we have the sequence {[Dz**1+
H 21} is convergent and its limit is given by

lim [Dz*t + HZM, =0,

k—00

for all [. This shows statement @

We now proceed to statement @ Since the sequence {z*,p*} is assumed be to
bounded, we only need to establish that the sequence {z*} is bounded to guarantee

the sequence {x*, 2% p*} is bounded. We note by triangle inequality that
lim sup HDmkH < limsup HD:vk + szH + HszH .
k—o00 k—oo

In view of the fact that the sequence {z*} is bounded, the sequence {||HzF||} is
also bounded. Statement implies sequence {| ‘chk +H zk‘ !} is bounded. Hence
the right-hand of the above inequality is bounded. Therefore, the scalar sequence
{Hka| ‘} is bounded. Since the matrix D'D is positive definite (which follows from
Assumption , this shows that the sequence {x*} is bounded.

To establish the last statement , we analyze the properties of the limit point
to establish that it satisfies the sufficient conditions to be a saddle point of the La-

grangian function given in Lemma [3.3.4 We denote by (Z, Z,p) a limit point of the

k k

sequence (z¥, 2% p¥), i.e., the limit of sequence (z*, z* p*) along a subsequence k in

k. By statement @ and the definition of a limit point, we have
[Di 4+ HZ), = lim [Daz* + HZF); =0. (3.44)
kek,k—00
By Eq. (3.24) from Lemma [3.3.0(b), we have for all £ and z € Z,

— (P"Y Hyp 2" < —(pFY Hynz. (3.45)
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We will first show that

_(plﬁ—l)/ZHlec—f—l < _(pk—l—l)/Zsz,
Pell Pell

for all j. By restricting to the convergent subsequence {p*, 2*} for k in x and using a
continuity argument, this proves condition . Since we are only interested in the
properties of the sequence for k large, without loss of generality we can restrict our
attention to sufficiently large indices k, where all constraints have been active for at
least once Pl

Since the partition Il is proper and the matrix H is diagonal, the update of
variables 2 and p are independent of components in ¥, i.e., when ¥* # 1, [2¥*1],, =

k+1]

[2¥],, and [p**1],, = [p¥],. Thus, for every 1 # ¥, we have

—(P") Hy = (0T Hy ™ < (07 Hyz = — (") Hyz,

where 7 < k is the largest index where ¥ = v and the inequality follows from Lemma

5300)
By summing the above relation with Eq. (3.45]), we have

_(pk+1)/ Z szk—i-l < _(pk—i-l)/ Z sz7
Yell Ppell
for all z in Z. The preceding relation holds for all £ and therefore for k in k.
Since the subsequence (z*, p*) is convergent and multiplication by H,, is continu-
ous, we can now take limit in £ and obtain
lim —(pk)’ZH¢zk < lim —(pk)'Zsz,

ke€r,k—oco T k€r,k—o0
pell PeIl

ie.,

—p' Y Hyz < /Y Hyz.

pell WPEIl

8Due to Assumption |5l the time index for when all constraints are active for at least once is finite
almost surely.
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What remains is to show Eq. (3.39)). By Lemma |3.3.0(a), we have
+ |- + 2= kY > T + |- + Z' = EX
FH()+ [ =+ 4 BH(E — o) Dy > fH() o+ [— 4 BH (25 — o)) D et

for all k. Since the above relation holds for all y in X, we can isolate each z; by

setting y; = a:?“ for j # i and have for 7 in ¢*
fily) + [=p" + BH(Z* = oM Dy > fi(af ™) + [—pM + BH(Z" — o) D,

Since agent 7 is active, the matrix D; has nonzero elements only in rows corresponding
to agent i in ¢F, i.e., [[—p*Tl + BH(2* —vF*H))'D;]; = 0 for [ in case L. If [ falls in case

I, we have
[=pt + BH(ZE — oM Di = [-p* 4 BH(E = oM )]D;,
whereas in case III, we have
[=p™ T+ BH(ZE = oM D; = [pt = B+ BH (M — oD

We can write the above inequality as

yz +Z k+1+5H Z _Uk+1 zy+ Z _Brk—i—l_’_ﬁH( }H_l)] Dzy
lell lelll
(3.46)
k+1 _|_ Z k+1 + /BH ka)];Dika
lell
+ Z [_ ﬁrkﬂ + 6H( k+1)]lDixk+1’

lelll

where we use the notation [ € I to indicate the set of indices [ in case II and similarly

for case III. This relation holds for all i in ¢*. For i not in ¢*, let 7(k,) be the last
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time x; has been updated up to time k. We have

yz +Z 7(k,i) +1+/BH( T(kyi) _ (kl)-‘rl)] Dzy

lell
+ Z [_p-r /BTT(IC 4)+1 + ﬁH( (ki) T(k,i)+1>];Diy
leIlT
Zfi(mif(k,i)ﬂ) T Z[ T(ki)+1 BH (2 (ki) _ Ur(k7i)+1)]EDi$7—(k7i)+1
lell
+ Z 7(k,i)+1 BTT(k: 4)+1 + BH( T(kg) T(k,i)-l-l)]EDixT(k,i)-l-l
leIIT
Since the values of ¥ and p**! related to the constraints involving z;, i.c. pf“ for

(k,i)+1 7(k,i)+1

l'in IT and I1I, have the same value as z; and p , the above relation can

be written as

yz +Z k41 + /BH T(ki) UT(k’i)—H)];DZ‘y

lell
+ Z [_ B’I"TU“ )+1 + BH( T(kyi) T(k z)+1)] Dzy
lelll
>f7, k‘+1 + Z k+1 + BH (ki) UT(k’i)+1)]2Dil'k+1
lell
+ Z[_ — BT kz+1+6H< T(kg) T(k,i)-‘rl)];Dixk—‘rl‘
lelll

iteration count where 7 is last updated up to and including iteration k. This 7 index
is a function of ¢ and iteration count k. Since each agent is active infinitely often with
probability 1 by Assumption [5| we have as k goes to infinity, the index 7(k, ) also

approaches infinity for all 7.

We now consider the subsequence {z*, 2% p¥} for k in k. By relations (3.42) and
(3.41)), we have for all 7, the terms involving H (7% —y7*:0+1) and r7(#9)+! diminish
as k — oo for k in k. Function f is continuous (since it is convex over R™) and

therefore we can take limit of the preceding relation and Eq. (3.46|). Both of them
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satisfy

: (. kD > : ) k k1D ok
keglggoofz(yz) + [-p"]'Diy > kei}}gwﬁ(mz) + [-p"]'D;x”,

where we combined the [p']; term for both [ € IT and [ € I11. Since the subsequence

for k in k converges to the point (Z, Z, p), the limit satisfies

fi(yi) — [pI' Dy > fi(z;) — [p]' Diz,

for all y in X and for all i. Thus condition (3.39) is satisfied and by Lemma the

limit point (Z, Z, p) is a saddle point of the Lagrangian function, which establishes the

desired result. O

3.3.2 Convergence and Rate of Convergence

The results of the previous section did not rely on the probability distributions of
random variables ®" and W*. In this section, we will introduce a weighted norm and
weighted Lagrangian function where the weights are defined in terms of the probabil-
ity distributions of random variables ¥* and ®* representing the active constraints
and components. We will use the weighted norm to construct a nonnegative super-
martingale along the sequence {z*, z* p¥} generated by the asynchronous ADMM
algorithm and use it to establish the almost sure convergence of this sequence to
a saddle point of the Lagrangian function of problem . By relating the iterates
generated by the asynchronous ADMM algorithm to the variables (y*, v*, u*) through
taking expectations of the weighted Lagrangian function and using results from The-
orem m(which provides a bound on the difference of the objective function value
of the vector y* from the optimal value), we will show that under a compactness
assumption on the constraint sets X and Z, the asynchronous ADMM algorithm
converges with rate O(1/k) in expectation in terms of both objective function value

and constraint violation.

We use the notation «; to denote the probability that component x; is active at
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one iteration, i.e.,

o; = P(i € DY), (3.47)

and the notation )\; to denote the probability that constraint [ is active at one itera-
tion, i.e.,

N o=P(l € UF). (3.48)

Note that, since the random variables ®* (and W¥*) are independent and identically
distributed for all k, these probabilities are the same across all iterations. We define

a diagonal matrix A in R">*W with elements \; on the diagonal, i.e.,
Ay=X\ for each 1 € {1,..., W},

Since each constraint is assumed to be active with strictly positive probability [cf.
Assumption , matrix A is positive definite. We write A to indicate the inverse of

matrix A. Matrix A induces a weighted vector norm for p in RV as

Ipl5 = p/Ap.

We define a weighted Lagrangian function L(z, z, ) : R™ x RW x RW — R as

N

N
L(z,z,p) =) &fi(@.) i (2 a%D,»x + lz %Hﬂ) : (3.49)
1= =1

i=1

We use the symbol J; to denote the filtration up to and include iteration k, which
contains information of random variables ®' and W' for t < k. We have J; C Jpi1

for all £k > 1.

The particular weights in A-norm and the weighted Lagrangian function are cho-
sen to relate the expectation of the norm % Hpk“ — ,u{ ﬁ'\ + g HH(Z’ngl — U)H?-X and
function L(z*+1, 2*1 1) to % " — u| |/2-\+§ || H (2 — U)Hf-\ and function L(z*, 2%, ),
as we will show in the following lemma. This relation will be used in Theorem [3.3.2]to
show that the scalar sequence {% " — 1| ﬁ’\ + g | H (" — )] ’;} is a nonnegative

supermartingale, and establish almost sure convergence of the asynchronous ADMM
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algorithm.

Lemma 3.3.6. Let {a*, 2% p*} be the sequence generated by the asynchronous ADMM

algorithm (@—(@ Let {y*,v* u*} be the sequence defined in Egs. —.

Then the following hold for each iteration k:

1
E(%upk“—unzﬂuﬂukﬂ -l

s
Gl H+ 5l —nllz+ _‘|H<Zk_v)’|?\

1
jk) =gl =ull” 350

1 2 2
55 1P~ ull —gHH(z —o)|[".
for all p in RY and v in Z, and

E (i@:k*l, 4 Jk)

= (P = 1/ (DY 4 HOH) + L, 24, p) — (F () — (D + H2Y))
(3.51)

for all p in RV

Proof. By the definition of )\; in Eq. (3.48] for each [, the element pf“ can be either
updated to ,uk“ with probability )\;, or stay at previous value pf with probability

1 — \;. Hence,we have the following expected value,

1 Y 2 1 2
= (g5 -l )2) =205, 2 (55 W“ wll?) + =20 (55l = )]
1
—a5 It =l + g5 1 = mll = 55 16 =l

where the second equality follows from definition of ||-||5, and grouping the terms.

k+1

Similarly, zF™ is either equal to v ! with probability A, or zf with probability

1 — A;. Due to the diagonal structure of the H matrix, the vector H;z has only one
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non-zero element equal to [H z]; at I** position and zeros else where. Thus, we obtain

) =05 (G e =)+ o= (Glime ol

2

Y

(5 |G+ ol

w
2 a2 - o 2 -

where we used the definition of ||-||; once again. By summing the above two equations

and using linearity of expectation operator, we obtain Eq. (3.50)).

Using a similar line of argument, we observe that at iteration k, for each i, xk“

k+1

has the value of y; ™' with probability a; and its previous value x with probability

1 — a;. The expectation of function L therefore satisfies

N
top jk:) = Zai i (fi(yf ™) — W' Diy™*)

)\ Hka (1 — )\l)Hle}

1
>\

where we used the fact that D = S D;. Using the definition F(z) = 3.~ fi(z)

[cf. Eq. (3.3)], this shows Eq. (3.51)).

The next lemma builds on Lemma [B.3.5] and establishes a sufficient condition for
the sequence {z*, 2% p*} to converge to a saddle point of the Lagrangian. Theorem
3.3.2| will then show that this sufficient condition holds with probability 1 and thus

the algorithm converges almost surely.

Lemma 3.3.7. Let (z*,2*,p*) be any saddle point of the Lagrangian function of
problem and {2, 2%, p*} be the sequence generated by the asynchronous ADMM
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algorithm —(@. Along any sample path of ®F and V¥, if the scalar sequence

i k+1
26

2
p |Z\

1+ = |+ 5 [ = =)

15 convergent and the scalar sequence g [‘ |7"k+1 ’ |2 + HH(U’QJrl —2F) ‘ ﬂ converges to 0,

then the sequence {x*, 2% p*} converges to a saddle point of the Lagrangian function
of problem .

Proof. Since the scalar sequence % Hpk+1 .

D ; + § HH(zk’Jrl — 2%)||5 converges,

i

matrix A is positive definite, and matrix H is invertible [cf. Assumption , it follows
that the sequences {p*} and {z*} are bounded. Lemma then implies that the
sequence {z*, zF p*} has a limit point.

We next show that the sequence {2*, 2*, p*} has a unique limit point. Let (Z, 2, p)
be a limit point of the sequence {x*, 2% pF}, i.e., the limit of sequence {z*, 2, p*}
along a subsequence k. We first show that the components Z, p are uniquely defined.
By Lemmal3.3.5] the point (Z, 2, p) is a saddle point of the Lagrangian function. Using
the assumption of the lemma for (p*, 2*) = (p, 2), this shows that the scalar sequence

{% [+ —}5”% +2 || H (5 = 2)| f-\} is convergent. The limit of the sequence,

therefore, is the same as the limit along any subsequence, implying

2

1 _ N
i ol =2+ 2 (|G - )

. 1 2 B 2
= Jm sp P = alfi g [HE =2

1 - ~112 B ~ ~ 2
= %||p—p||7\+§||H(Z—Z)||A =0,

Since matrix A is positive definite and matrix H is invertible, this shows that lim_,. p* =
p and limy,_,o 2 = 2.

Next we prove that given (Z,p), the x component of the saddle point is uniquely
determined. By Lemma[3.3.1] we have DZ+ HZ = 0. Since matrix D has full column
rank [cf. Assumption , the vector z is uniquely determined by

&=—(D'D)"'D'HZ.
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]

The next theorem establishes almost sure convergence of the asynchronous ADMM
algorithm. Our analysis uses results related to supermartingales (interested readers

are referred to [79] and [80] for a comprehensive treatment of the subject).

Theorem 3.3.2. Let {x* 2% p*} be the sequence generated by the asynchronous
ADMM algorithm (@—(@ The sequence (z*, 2%, p*) converges almost surely to
a saddle point of the Lagrangian function of problem .

Proof. We will show that the conditions of Lemma |3.3.7| are satisfied almost surely.
We will first focus on the scalar sequence % ||+t — pf |§ + g || H (2 — U)H?X and
show that it is a nonnegative supermartingale. By martingale convergence theo-
rem, this shows that it converges almost surely. We next establish that the scalar
sequence gHrk“ — H(vkt — zk)H2 converges to 0 almost surely by an argument
similar to the one used to establish Borel-Cantelli lemma. These two results imply
2 2 .
that the set of events where % Hp’“rl — p*| }1-\ + g H[—](z’l“rl — z*)H/—\ is convergent and
g “ ‘rk“H? + HH(U’erl — zk)HQ] converges to 0 has probability 1. Hence, by Lemma
3.3.7, we have the sequence {z*, z¥, p¥} converges to a saddle point of the Lagrangian
function almost surely.
L[ pk+1 2 . B k+1 2.

We first show that the scalar sequence 55 [ _/“‘H/’\ + Z||H(2F* —U)H/—\ is
a nonnegative supermartingale. Since it is a summation of two norms, it immedi-
ately follows that it is nonnegative. To see it is a supermartingale, we let vectors
Y+ okt R and 75+ be those defined in Egs. (3.16)-(3.21). Recall that the sym-

bol J;. denotes the filtration up to and including iteration k. From Lemma |3.3.6, we

jk)
2

1 B 1 5
= o3 bt =l Sl =l gl s+ 5 G = ol

have

1
B (5 I =l + 5 G - ol

|- 2 2
— o5l =l = S = o)
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Substituting p = p* and v = 2* in the above expectation calculation and combining

with the following inequality from Theorem [3.3.1],

k+1 *
-Pp

) g (llEer =l

ﬁ B
§|\ S [ [T

— HH(zk —2")

)

I

This yields

i k+1 % 2
B (5l =l +

1 *
< %Hpk—p

g HH(Z’gle —2")

IQ—X jk)

2_@ k+1 2_@ k+1 _ _ky||2
o I = S @ =]

f—\—l—gHH(zk—z*)

2 . .
kL _ ~ 1s a nonnegative super-

L glaE -l

Hence, the sequence % Hp

martingale in k£ and by martingale convergence theorem, it converges almost surely.

We next establish that the scalar sequence {’g HT"‘“HQ + 8 ||H (v — zk)H2}
converges to 0 almost surely. Rearranging the terms in the previous inequality and

taking iterated expectation with respect to the filtration Jj, we obtain for all T’

ZE(EHT’“HHQJrgHH(v’”l—z’“)HQ) (3.52)
k=
<58 =l + 5 11HE =)
)

_E(QﬁHTH * f_\_{_

R [ERE S

g [|H (" —2%)

_2ﬁHp —

where the last inequality follows from relaxing the upper bound by dropping the

non-positive expected value term. Thus, the sequence

{B(5 [+ e -1 ) |
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is summable implying

k—o00

i S (5 I+ [+ - ) =0 (353

By Markov inequality, we have

P (5 Il =] 2e) < 2o (5 17 + e - 417]).

for any scalar € > 0 for all iterations t. Therefore, we have
i P (sup 2 |41+ 16 - )] = ¢

ﬂgﬁ@@WWW+WM“wWﬂh>

t=k

<im 3 (5 b1+ e = 417 =)

k—o0
<im 238 (5 I et - ) =

where the first inequality follows from union bound on probability, the second in-

equality follows from the preceding relation, and the last equality follows from Eq.

3.53). This proves that the sequence 5 [‘ |rk+1H2 + ||H @M = 29 ﬂ converges to

0 almost surely.

and the scalar sequence {g [Hrk“HQ + ||H (@ - zk)‘ﬂ} converges to 0, we

have the sequence {x*, 2% pF} converges to a saddle point of the Lagrangian. O

We next analyze convergence rate of the asynchronous ADMM algorithm. The
rate analysis is done with respect to the time ergodic averages defined as z(7') in
R™Y the time average of 2* up to and including iteration T, i.e.,

7(T) = ZlTl"” (3.54)
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foralli=1,...,Nand z(k) in RV as
T k
2(T) = 2= (3.55)

foralll=1,...,W.
We next introduce some scalars Q(u), @,  and L°, all of which will be used as
an upper bound of the constant term which appears in the O(1/k) rate analysis in

the following theorem. Scalar Q)(u) is defined by

Qlu) =, max, —L(aM 2 ). (3.56)

For the rest of the section, we adopt the following assumption, which will be used

to guarantee that scalar Q(u) is well defined and finite:
Assumption 6. The sets X and Z are both compact.

Since the weighted Lagrangian function L is continuous in z and z [cf. Eq. (3.49)],
and all iterates (x*,2*) are in the compact set X x Z, by Weierstrass theorem the
maximization in the preceding equality is attained and finite.

Since function L is linear in p, the function Q(x) is the maximum of linear func-

tions and is thus convex and continuous in . We define scalar () as

Qi

=  max  Q(u). (3.57)

p=p*—a,||al|<1

The reason that such scalar () < oo exists is once again by Weierstrass theorem
(maximization over a compact set).

We define vector 0 in RV as

0=p — aﬂg‘rlrieltx ’ }po —(p* — U)H?x’ (3.58)

such maximizer exists due to Weierstrass theorem and the fact that the set ||u|| <1

9Here the notation Z;(T) denotes the vector of length n corresponding to agent i.
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is compact and the function |[p° — (p* — u)||?—\ is continuous. Scalar L° is defined by

L=  max L(z°2°0). (3.59)

O=p*—a,||af|<1

This scalar is well defined because the constraint set is compact and the function L

is continuous in 8.

Theorem 3.3.3. Let {x*, 2% p*} be the iterates generated by the asynchronous ADMM
algorithm @-(@ and (z*,z*,p*) be a saddle point of the Lagrangian function of
problem . Let the vectors T(T'), Z(T') be defined as in Eqgs. and , the
scalars Q, 6 and L° be defined as in Eqs. (3.57), (3.58) and (3.59) and the function
L be defined as in Eq. (3.49). Then the following relations hold:

2
Al

0|3+ (0 - )

E(Da(T) + HAT))|| < [@ iy (3.60)

55 1P’

and

) - Pl < Ll g 2o L =)+ 2l - =)

(3.61)

b | QW)+ L) + g5 10 A1+ G 2 = 0]

Proof. The proof of the theorem relies on Lemma [3.3.6| and Theorem [3.3.1, We
combine these results with law of iterated expectation, telescoping cancellation and

convexity of the function F to establish a bound on the value E(F(2*)—p/(Dz*+H 2*))

given by
E[F(@(T)) —p/(Dx(T) + Hz(T))] — F(x") (3.62)
< 7 Q00 + 16 )+ 5 1 =l + 5 G - ]|

for all © in R". Then by using different choices of the vector i we can establish the

desired results.
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We will first prove Eq. (3.62). Recall Eq. (3.51)

E (i(mk+1, 2R 1) jk)

— (F(**Y) = 1/ (Dy* + HoM)) 4+ L(a*, 2%, ) — (F(ab) — !(Da¥ + H2H),

We rearrange Eq. (3.36]) from Theorem [3.3.1] and obtain

F(yF) — prF < F(z) — % <Hr“k+1 - ﬂHQ —[]p* - “Hz)
B (flar - IF) = el = Sl - 4

Since 71 = Dyl 4 Hv ! we can apply this bound on the first term on the

right-hand side of the preceding expectation calculation and obtain,

E = (Z(l‘k+1, zk’—i—l’M)

— g (HH(ka — ")

Jk) < Fa) = g5 (Il =l = 116* = )

) = S = S EEH - )

2—’|H(zk—z*) 2

T L(ab, ¥ ) — (F(a*) — (D + HY),

We combine the above inequality with Eq. (3.50) and by linearity of expected

Tl )
<F(z*) — g HTHIHQ — § HH(ka — zk)H2 — (F(xk) — p/(Dz* + sz))

value, have

[ S )

E (E(karl’ZkJrl”u) +

2

~ 1

gF(x*)—(F(xk)—u’(ka+HZk))+L($ 2, ) +—Hp - |y

2

—HHz — 2|5

where the last inequality follows from relaxing the upper bound by dropping the

non-positive term —52 Hrk“HQ — Z|H (oM - Zk)Hz
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This relation holds for £ = 1,...,7T and by the law of iterated expectation, the

telescoping sum after term cancellation satisfies,

T+1

E (E(.CET+1,ZT+1,/L) + i Hp

B .
N —u|\§+§uH<zT+1—z>

]i) <TF(z*) (3.63)

ﬁ

HMH

WD + H2M) | + LG, 2 ) + o Hp - nll3

+

o™

By convexity of the functions f;, we have

> filak) > Tfi(z(T)) = TF(&(T)).

The same results hold after taking expectation on both sides. By linearity of matrix-

vector multiplication, we have

> Da* =TDx(T), Y H:*=THz(T).

k=1 k=1

Relation ({3.63) therefore implies that

TE[F(#(T)) — 1/ (D&(T) + HZ(T))] - TF(2")

T
<E Z (F(z*) — W/ (D2* + H2Y)) | = TF(2*)

k=1
<-E (z(xT-&-l’ZT—l—l’M) + % HpT+1 _ qu_\ + g HH(zT+1 _ z*) |j2_\)

. 1 B ‘
+L($O>ZO,M)+ﬁHPO—NH?\JFgHH(ZO—Z) ;

Using the definition of scalar Q(u) [cf. Eq. (3.56))] and by dropping the non-positive
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norm terms from the above upper bound, we obtain

TE[F(&(T)) — 1/ (D&(T) + HZ(T))] - TF(a")

‘ 2

A

) 1
< Qp) + L( O,ZO,MH%!Ipo—ul\iJrgHH(zo—Z*)

We now divide both sides of the preceding inequality by 7" and obtain Eq. (3.62)).

We now use Eq. (3.62)) to first show that ||E(Dz(T) + HZ(T'))|| converges to 0 with

__E(D&(T)+Hz(T))
[E(Dz(T)+Hz(T))]|"

rate 1/k. For each iteration 7", we define a vector 6(7") as 6(1") = p*
By substituting u = 0(T") in Eq. (3.62)), we obtain for each T,

E[F(z(T)) = (0(T))(Dx(T) + Hz(T))] — F(a7)
1 . 1 3 .
< 7| QM) + L@, 2 0T) + 5 [0 = 0D [ + F[1HE = )] [y
Since the vectors H%Egiggigigggll all have norm 1 and hence 6(7T") are bounded

within the unit sphere, by using the definition of §, we have ||p® — 0(T))| ]% < ‘ !po — §| ‘?\

Eqs. (3.57) and (3.59) implies Q(A(T)) < Q and L(z, 2°,6(T)) < LP for all T. Thus
the above inequality suggests that the following holds true for all T,

E(F(z(T)) = (0(T))E(Dx(T) + H=(T)) — F(z")

<

‘2
il

11~ = 1 _
7@ L4 gl = a1+ S HG - =)

From the definition of 6(T), we have ((T))E(Dz(T)+ Hz(T)) = (p*)E(Dz(T) +
Hz(T)) — ||E(Dz(T) + Hz(T))||, and thus
E(F(z(T))—(0(T))E(Dx(T) + HZ(T)) — F(z)

= E(F(z(T))) — (0" )E[(D2(T) + HZ(T))]
— F(2%) + |[E(Dx(T) + Hz(T))|| -

Since the point (z*, z*,p*) is a saddle point of the Lagrangian function and by
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Lemma [3.3.1] we have,

EL((z(T)),z(T),p*) — L(z", 2", p") (3.64)
=E(F(z(T)) = F(z") = (p")E[(D2(T) + Hz(T))] = 0.
The preceding three relations imply that

2
e

1~ = 1 _
BDE(T) + HAT)I < 7 |@+ 10+ 5 [l =13 + 5 |12 -

which shows the first desired inequality. for all u, we now set u = p*, and by saddle
point property, we have p*(Dz* + Hz*) = 0 in the last equality.

To prove Eq. (3.61)), we let u = p* in Eq. (3.62)) and obtain
E(F(z(T))—(p")E(DZ(T) + HZ(T)) — F(z7)
* 70,0 0 % 1 0 x| |2 B 0 \ |12
< 7 Q@)+ 1" 207 + g [P =7l + 3 1" =25 |
This inequality together with Eq. (3.64]) imply
IE(F (2(T))) — (p")E(Dx(T) + HZ(T)) — F(a")]]
< 2 QU + L2 o [ [+ S (H - =[]
=T o 23 ATY A
By triangle inequality, we obtain
= * 1 * T * 1 x| |2
IE(F(@(T) = Fl@)ll <7 {Q(p )+ L(z°,2°% p*) + 28 [1p" = p"[5 (3.65)

EE z*)Hi] + (") (D=(T) + HAD))I.

Using definition of Euclidean and I, norms[ the last term ||E((p*)'(Dz(T) + Hz(T)))||

19We use the standard notation that ||z|| = max; |z;|.
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satisfies

IE((p") (Dz(T) + H(T)))|| = (p1)?[E(DZ(T) + HZ(T))]7

=1

<\ D 1[5 [E(D2(T) + HZ(T))]} = [|p"] IIE(DZ(T) + HZ(T))| -

The above inequality combined with Eq. (3.60)) yields,

1Pl

IE((p) (D2(T) + H=(T)))]| < 1

- = 1 g2 B 112
[Q+LO+%HPO—1? A+§HH(ZO—Z”A]'
Hence, Eq. (3.65) implies
1P|l 2

T x|+

{@(za*) L)+ g - 5+ 5 I - z*)!li] -

[E(F(2(T))) = F(2")]] <

=~ = 1
{Q+LO+%HpO—p* ;+§HH(z°—z*)

Nl

Thus we have established the desired relation (3.61)).

We note that by Jensen’s inequality and convexity of the function F', we have

F(E((T))) < E(F(z(1))),

and the preceding results also holds true when we replace E(F(z(T))) by F(E(z(T))).
Note that the convergence is established with respect to the time ergodic average
sequence {Z*}. In practice, one might implement the algorithm with the ergodic

average T for each agent i saved at each step to achieve the O (%) rate of convergence.

3.4 Numerical Studies

In this section, we analyze the numerical performance of our proposed distributed

asynchronous ADMM method. We compare this to the performance of asynchronous
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gossip algorithm proposed in [77]. The asynchronous gossip algorithm is based on
gossip algorithm, which converges with best known rate O(1/vk). We performed
the algorithms on two different 5 node networks for problem with quadratic
objective functions. The first network is the same as Figure. [3-1], the second one is
a path graph, where the nodes form a line. At each iteration, an randomly picked
edge becomes active for both methods. For each of these graphs, we plot the sample
objective function value and the value of constraint violation Az of both methods
against iteration count, with dotted black lines denoting 10% interval of the optimal
objective function value and when feasibility violation is less than 0.1. We also record
the number of iterations required to reach the 10% precision and to have constraint
violation less than 0.1 for both methods. Figure. [3-2] and Table. correspond to
the network as shown in Figure. [3-1] Figure. [3-3| and Table. |3.2| are for the path
graph. For both of these network, the asynchronous distributed ADMM outperforms
the asynchronous gossip algorithm significantly, which confirms with the intuition
suggested by the faster rate of convergence associated with asynchronous ADMM

method.

IF(x(T))=F(x )IIF(x )| for Sample Graph Feasibility Violation for Sample Graph

—— Asynchronous ADMM —— Asynchronous ADMM
== Asynchronous Gossip == Asynchronous Gossip

1 o o
£ ) o

Function value distance to optimality
o
N

(=}
5

0 1000 2000 3000 4000 2000 3000 4000
Iteration Iteration

Figure 3-2: One sample objective function value and constraint violation (Az = 0) of
both methods against iteration count for the network as in Figure. 3-1] The dotted
black lines denote 10% interval of the optimal value and feasibility violation less than
0.1.
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Number of Tterations
to 10% of Optimal
Function Value

Number of Iterations to
Feasibility Violation < 0.1

Asynchronous ADMM

65

336

1100

3252

Asynchronous Gossip

Table 3.1: Number of iterations needed to reach 10% of optimal function value and
feasibility violation less than 0.1 for the network as in Figure. [3-1}

IF(x(T))-F(x JIF(x)I for Path Graph

R — Asynchronous ADMM
H == Asynchronous Gossip

Feasibility Violation for Path Graph

—— Asynchronous ADMM
== Asynchronous Gossip

-

o o o
LS ) [=3)

Feasibility violation
o

Function value distance to optimality
o
)

S mmmmmem e AT IR nes . ——

4000 5000

o

2000 3000 5000 0 1000

Iteration

0 1000 4000 2000 3000

Iteration

Figure 3-3: One sample objective function value and feasibility violation of both
methods against iteration count for the path graph. The dotted black lines denote
10% interval of the optimal value and constraint violation (Axz = 0) less than 0.1.

3.5 Summaries

We developed a fully asynchronous ADMM based algorithm for a convex optimiza-
tion problem with separable objective function and linear constraints. This problem
is motivated by distributed multi-agent optimization problems where a (static) net-
work of agents each with access to a privately known local objective function seek to
optimize the sum of these functions using computations based on local information
and communication with neighbors. We show that this algorithm converges almost
surely to an optimal solution. Moreover, the rate of convergence of the objective
function values and feasibility violation is given by O(1/k). Future work includes
investigating network effects (e.g., effects of communication noise, quantization) and

time-varying network topology on the performance of the algorithm.
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Number of Tterations

to 10% of Optimal Number of Iterations to
Function Value Feasibility Violation < 0.1

Asynchronous ADMM 431 596
Asynchronous Gossip 4495 4594

Table 3.2: Number of iterations needed to reach 10% of optimal function value and
feasibility violation less than 0.1 for the path network.

111



112



Chapter 4

Market Analysis of Electricity
Market: Competitive Equilibrium

For the next two chapters, we study the electricity market.

In this chapter, we present a competitive equilibrium framework for the electricity
market, which can be shown to improve significantly over the traditional supply-
follow-demand market structure. We take a systematic approach at the analysis and
design of the general market dynamics in power networks, which include heteroge-
neous users with shiftable demand. Both the supply and demand actively participate
in the market and interact through means of pricing signals. We first propose a T" time
period (24-hour in a day-ahead market example) model that captures these features
and give a characterization of the equilibrium prices and quantities. We show that at
competitive equilibrium, the market achieves the maximum social welfare. Chapter

builds on this framework and targets to mitigate the generation fluctuation.

This chapter is organized as follows: Section contains our model on the elec-
tricity market. In Section [4.2] we characterize and analyze competitive equilibrium
outcome and show that the competitive equilibrium improves significantly over the

traditional production model. Section summarizes and concludes this chapter.
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4.1 Model

In this section, we introduce a T" time horizon model describing the interaction be-
tween generators and consumers in the electricity market, which can represent the
24-period (one for each hour) day-ahead market. We assume there are many partici-

pants in the market and hence both the consumers and suppliers are price-taker.

4.1.1 Demand side

We assume there are large number of price taking heterogenous consumers in market,
indexed by 1,..., N. Each user has a total demand of d; with d; > 0, which can be
allocated over the entire time horizon ¢ = 1,...,7T and need not be fully satisfied.
In each time period, the maximal amount of electricity user ¢ can draw from the
grid is specified by m; > 0. This parameter models the maximal power consumption
rate of user ¢, which is determined by the physical properties of the appliances and
other electrical equipment. For instance, for an PEV (Plug-in Electric Vehicles), the
parameter d; is the battery size and m; is the maximal charging rate. Each of the
consumers has a private utility function u!(x!), representing the utility the consumer
derives from consumption of ! units of power at time period ¢. If a user has preference
for using power at particular time, then it is reflected in the utility function associated
with that time instance. The decision each consumer makes is how to allocate the
demand over the time horizon given user specific preferences and prices of electricity.
[ We assume a quasi-linear model of the consumer utility, i.c., the consumer utility

is linear in the electricity price paid. Formally, the optimization problem for each

! This model can be applied to both elastic demand and inelastic demand depending on the utility
functions.

114



consumer ¢ is given as follows

T
max S ul(al) - pla! (4.1
i t=1
t
s.t. me < d,,
t=1
0< xf < m;.

where p! denotes the market price of electricity at time ¢.

Assumption 7. For all types i at all time periods t, the utility function ui(-) : R — R

1s concave and monotonically increasing. The scalars d; and m; are positive.

4.1.2 Supply side

We model the supply side by one central benevolent supplier, which does not exercise
market power. This reflects well the market interaction for a large number of suppliers.

Let z' denote the total supply at time instance t, i.e.,

The supplier incurs a cost of production ¢'(z') for supplying Z' unit at time ¢.

The supplier side optimization problem is to maximize profit, given as

max pr — (4.2)

7t>0
where the price is the market price.

Assumption 8. For all time periods t, the cost function c'(-) : R — R is convez and

strictly monotonically increasing.
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4.1.3 Competitive Equilibrium

A competitive equilibrium is a sequence of prices {p'} and supply {Z'} and demand

{z!} sequences such that

e z! maximizes the utility of type i consumer, i.e., the vector [zf]; is an optimal

solution to problem (4.1]).

e 7' maximizes the profit of supplier, i.e., the vector [Z']; is an optimal solution

to problem (4.2]).
e p' is such that the market clears, i.e., Efil xt =7 for all ¢, ie., >, xl = 7.

By the well-known first and second welfare theorems, a competitive equilibrium is
Pareto optimal and every Pareto optimal allocation can be decentralized as a com-

petitive equilibrium.

4.2 Characterizing the Competitive Equilibrium

By the second welfare theorem (and because utility is quasi-linear), a competitive

equilibrium can be characterized by maximizing social welfare given as

max Z Z ulb(zl) — (7, (4.3)

t =t
Lio® t=1 i=1

T
s.t. Zxﬁgdi forie{1,...,N},
t=1

N

Zxﬁzjt,forte {1,...,T},

=1

0<at<m; >0

The market clearing prices emerge as the dual variables to the last constraint. The
constraint forcing supply equal to demand, i.e., Zf\il xt = 7' is referred to as the
market clearing constraint. The constraint of ZL xt < d; is called total demand

constraint.
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4.2.1 Efficiency

Theorem 4.2.1. Any competitive equilibrium defined in Section s efficient,
i.e., is an optimal solution to the social welfare maximization problem [cf. problem
]. Any optimal solution to the social welfare mazimization problem [cf. problem
] can be represented by a competitive equilibrium.

Proof. The equivalence can be established via a duality argument. Consider problem
(4.3), we associate p' with each constraint of the type Zfil ! = z'. Then the

Lagrangian can be written as

T N T N

Lz}, @' ph) = ) Y uial) = (@) — H(@ 27 ) =) p'(O_al -2
t=1 i=1 t=1 i=1
T N T N T
PN WD RTINS e
t=1 i=1 t=1 i=1 t=1

We first observe that any competitive equilibrium price-allocation pair is feasi-
ble to problem (4.3]), where the first constraint is satisfied due to consumer utility
maximization constraints and the market clearing constraint is satisfied due to the
competitive equilibrium definition. Since problem (4.3) maximizes welfare, the social

welfare can be no worse than any competitive equilibrium outcomes.

We now show that the optimal objective function value in problem (4.3)) can be
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no better than that in a competitive equilibrium.

max Zzu:.(xg) —(z") - H(z" 7" ")

t = t T i_ N -
{2,281} 20,28 <my, >0 wlb=d;,> 0,0, xl=7t,

< max DI

{2t 3} >0,2<m;, S0 wt=d;, SN | al=t,

3

T
+ max » —d@') - H@ 2

_ T N _
{Iﬁ,xt}ZO,xﬁémsztzl :":divz7;:1 x§:xt7 =1

< max g g ul(xh)
T N —
{xg}zovxigmu t=1 ézdivzizl x§:$t7 t=1 i=1

T
+ max » —d@') - Hz' ),
(#2030, af=at,
where in the first inequality we split the objective function into two problems and in
the second inequality we relaxed some constraint sets. The last sum in the inequality
chain is the competitive outcome, i.e., summation of problem (4.1) and (4.2)) under

the market clearing condition. Thus we establish the desired results. O

The above theorem also suggests that at competitive equilibrium, the market

clearing price p' is the dual variable associated with the constraint 31 | #f = .

4.2.2 Efficiency Improvement Over Traditional Grid

In this section, we show that the social welfare in the traditional grid where all demand
are viewed as inelastic can be arbitrary worse than the demand response system we
described above. For simplicity, we assume that the generation cost is time invariant
and represented by a quadratic function ¢!(z") = £(z")? for some positive scalar k.

We consider the following two user two period simple example. Both users have
linear utility, slight preference for period 1 and the utility of user 1 is slightly higher
than user 2. Both consumers have the total demand equal to the maximal consump-

tion in one period, i.e., m; = mo = d; = dy = m for some m. Formally, the consumer

2The value of k reflects the production technology.
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utilities are given by

2€
up(ay) = (k + e)may, uf(x?) = km(1 — ?)wi

€
uy(ed) = kma}, wd(a) = k(1 — )3

for some small positive scalar e.

e Traditional Grid Operation: In the traditional grid, there is no pricing signal for
the consumers to respond to and therefore each consumer chooses to maximize

their utility according to

T
w3 ul(al)

¢ t=1

t

Both consumers will prefer to allocate the entire consumption m in first time
period, and obtain utilities of (k + €)m? and km? respectively. Generator views
the demand as inelastic and has satisfy it, incurring a cost of 2km?. The social

welfare, denoted by W¢, is given by

W = (k+e)m? + km? — 2km? = em?”.

e In the market with demand response, at the competitive equilibrium, we have

1

xy=m, 27 =0,25 =0, 25 =m(l—53), p' = km, p* = km(1 — 7). The utility

for user 1 is ui(z7) + ui(2?) = (k + €)m? and for user 2 is u}(z}) + u?(23) =

km?(1 — £)2. Cost of production is ¢! (z') + ¢*(z?) = £m?(2 — £). Hence the

new social welfare, W™ is given by

Wn — (k—l—e)m2+km2(1 . i)Q o §m2(2_ _) — k:mQ—}-Em +
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Since € can be chosen to be arbitrarily small, we have that the ratio of W= can be
arbitrarily large and therefore the improvement brought by demand response is very

significant.

4.3 Summaries

In this chapter, we propose a flexible multi-period competitive equilibrium framework
to analyze supply-demand interaction in the electricity market. We show that by
introducing demand response, the market can improve efficiently significantly than

the traditional supply-follow-demand setup, where demand is viewed as exogenous.
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Chapter 5

Market Analysis of Electricity
Market: Generation Fluctuation

Reduction

In this chapter of the thesis, we continue the study of electricity market using the
framework in Chapter 4 The focus of this chapter is to understand and control
generation fluctuation, which naturally arises from competitive equilibrium. We show
that the generation fluctuation and price fluctuation are proportionally correlated
when the production cost structure is quadratic in Section [5.1] We then introduce
an explicit penalty term on the price fluctuation, analyze properties of and develop
distributed algorithm for the penalized formulation Section [5.2] In Section [5.3] we
study the connection between the generation fluctuation and the storage size. Section

[b.4] summarizes our development.

5.1 Price and Generation Fluctuation

We focus on the time-invariant quadratic generation cost scenario, where

c(z) = (@) (5.1)



for some positive scalar k. We define the following two vectors both in R”~!: the price

t+1] t *H—l]t‘

fluctuation vector Ap = [p'—p'*!]; and generation fluctuation vector Az = [Z'—7

We first relate price and generation fluctuation by the following theorem.

Theorem 5.1.1. Let x,p be the generation level and price vector be an optimal so-
lution for the social welfare maximization problem . If the generation cost func-
tion is time-invariant and convex, we have Ap*Azt > 0, for all periods with &t > 0,
T > 0. In particular, for the quadratic generation cost in Eq. , we have we

have Ap' = kEAZ, for all periods with Tt > 0, 't > 0.

Proof. According to Theorem , we have the optimal solution to problem can
be represented by an optimal solution to problem with the same price vector.
Hence, for price p, z is the optimal solution for and hence satisfies the following
optimality condition:

Pt = V(@) + py =0, (5.2)

where 1) is the dual variable associated with constraint z* > 0 and satisfies comple-
mentary slackness condition, i.e., 7' = 0. For periods with z* > 0, we have uf, = 0.

Hence

Apt = VE(F) — Vet (3 = V(7)) — Ve (3,

where the last equality follows from the time-invariant nature of generation cost func-

tions. By convexity of generation cost function ¢!, we have
(J_:t _ ftJrl)(VCt(i’t) _ Vct(i‘t+1)) > (.

Hence, we have Ap*Azt > 0.
When the generation costs are quadratic with Vcf(z') = kz*, we then have for ¢
with zt > 0,
p' = kz'.
By taking difference of periods ¢ and ¢t + 1 in Eq. (5.2)), we establish the desired

relation. O
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The preceding theorem suggests that at competitive equilibrium, the price and
generation fluctuations are proportionally related when the generation costs are quadratic
functions.

The worst case scenario for price and generation fluctuation is when all the users
have the same kind of preferences over time and therefore all rush to or avoid the
same period. To analyze this scenario, we make the following assumption on the

utility functions for the rest of this chapter.

Assumption 9. (Monotone Preference over Time) For all consumers i and all
periods t < T, the utility functions u' are differentiable with Vul(x) > Vul™(z),
for all x in [0,m]. Furthermore, for each user i either the functions ul are strictly

concave or Vul(z) > Vul™ (z) for all t.

5.2 Price Fluctuation Penalized Problem

In the previous section, we established a direct connection between generation and
price fluctuation. In this section, we explore this relationship and introduce a price
fluctuation penalty to the social objective function in order to control the generation
level fluctuation. We will establish an alternative equivalent formulation of the price
fluctuation penalized problem, which involves storage in Section [5.2.1} Section
derives many important properties of the optimal solution for the penalized prob-
lem and gives a simpler equivalent reformulation. Finally, we develop a distributed

implementation of the price fluctuation penalized formulation in Section [5.2.3|

5.2.1 Fluctuation Penalized Problem Formulation

We recall that price is given as the dual multiplier to the market clearing constraint.
To write the dual problem more compactly, we use x to denote the vector of size NT
representing the consumption levels z¢ and vector Z for the generation levels [z],,
vectors m and d both in RY with m = [m;]; and d = [d;]; respectively. We introduce

RNXNT

matrix B in , which is element-wise either 0 or 1, and Bz < d is equivalent
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RTXNT

to the total demand constraint. Matrix A in is another element-wise 0 or 1

matrix and Az = Z is the compact representation of the market clearing condition.

We let function u : RM? — R represent the total consumer utility with
u(z) =y ui(al). (5.3)
t=1 i=1
and function ¢ : RT — R is the total production cost, where
c(z) =) (@) (5.4)
t=1

Then the social welfare optimization can be written as

paax_oulr) = @),
s.t. Bz <d,
Ar =12

The dual problem for the above optimization problem is given as

. — (7)) — v (Ax — F).
SR

We denote by e the vector of all 1 in R” and by E the matrix in R”*("~1) with

11 1]
01 ... 1
E= 1 (5.5)
00 ... 1
00 ... 0

such that
p =epr + EAp.
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Then the price fluctuation penalty can be written as ||Apl|| for some notion of

norm and the price penalized problem can be written as

i — 7 EAp) (Az — %) — S||IAp]] .
max I e u(x) + c(Z) + (epr + EAp)' (Ax — z) — S||Apl|,

We will next derive an alternative formulation to this fluctuation penalized prob-

lem.

Theorem 5.2.1. The following two problems are equivalent

max min —u(z) + ¢(Z) + (epr + EAp) (Ax — ) — S||Ap||,.  (5.6)

pr,Ap  m>z>0,2>0,Bx<d

I;liin —u(z) + (),

st ||E'(Az —z)||, < S,
e'(Ax — ) =0,
Bx <d,

m>z>0, x>0

where the two norms ||-[|,, and ||-||, are dual operators and S is a nonnegative scalar.

Proof. We first rearrange problem (5.6)) as

max min —u(z) + ¢(x) + pre'(Ax — T) + AY'E'(Ax — ) — S ||Ap]|,, -

pr,Ap  m>x>0,2>0,Bx<d
By Saddle Point Theorem (Proposition 2.6.4 in [81]), we can write the problem equiv-

alently as

1 _ P / - / 1/ =)
pepodiint - max —u(z) +(2) +pre'(Ar - 7) + Ap'E'(Az — 7) = S||Apl],, -

For any solution pair with ¢/(Ax — &) # 0, there exists pr such that the value of the

previous problem attains infinity and thus cannot be the optimal solution. Therefore
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we conclude €'(Azx — ) = 0.
We next analyze the terms involving Ap: Ap'E’'(Ax—2z)—S||Ap||,. From Holer’s

inequality, we have
Ap'E'(Az — z) = S||Apll,, < [|Apl],, ([1E'(Az — 2)||, = 9),

ie.,

max Ap'E'(Az — 2) = S{|Apll, = 189"l ([|1E"(Az — 2)|, - 5),

where Ap* is the maximizer. Therefore problem (j5.6)) is equivalent to

max min u() + o@) + |Apl],, (1B (Az — 2|, - S).

Ap m>2>0,2>0,Bx<d,e’ (Az—Z)= O

— LYy b2 Yy

Since Ap is unconstrained, the scalar ||Ap|| can take any nonnegative values, which

yields another equivalent formulation of

E'(Ax —z)|| — 9).
rgg(}f m>x>0:13>OIB}:1E1<rtie(Aa:f:i) =0 (@) + (@) + of||F (A x)Hq )

— LUy Yy

If |[E'(Az — Z)|[, — S > 0, then the problem attains value of infinity and thus cannot
be optimal, and therefore the preceding formulation is equivalent to (PW2). O

For the rest of the chapter, we will focus on the L; norm of the fluctuation vectors

as a metric of total fluctuation, i.e., the following problem

min  — u(x) + ¢(7), (PW)

T, T

t
ZAZJ—QJ <SS, fort=1,...,T—1,

where we used definition of matrix E [c.f. (5.5])].
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We note that quantity > '_,[Az — 7|, represents the difference between total
supply and total supply (accumulated up to time t). We refer to the difference [Az—z|;
as the supply-demand mismatch for period t. The constraint —S < Zizl[A:z: -], <
S, fort=1,...,T —1, ensures that the total supply-demand mismatch is upper
bounded by S. This can be guaranteed by providing a storage of size 25 with initial
charge S, which may be charged and discharged during the T' periods. Constraint

||E'(Az — z)|| < S guarantees the storage will stay with nonnegative charge and

1,
within its limit, while constraint €'(Az — Z) = 0 ensures at the end of the T cycle,
the storage returns to be charged with S and is ready for the next cycle. Thus the
price penalty parameter S is precisely the storage size necessary to implement the
penalized problem. We will refer to .S as the storage size, the constraint involving S

as the storage size constraint. We call the constraint ¢’(Azx — ) = 0 the total market

balancing constraint.

5.2.2 Properties of the Fluctuation Penalized Problem

In this section, we derive some important properties of the fluctuation penalized

problem and its optimal solution.

We associate dual variable Ag with constraints —S < >°'_ [Az — z],, Ap with
St [Ax — 7], < S, pr with €/(Av — %) = 0, pg with Bx < d, o with 2 > 0, g,

with £ > m and A\g with z > 0. Lemma [5.2.1| characterizes the optimal solution of

problem (PW).

Lemma 5.2.1. The following conditions are necessary and sufficient for a primal-

dual solution
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(x’faAp7 AQ7PT7ud7M07Mm7/\O> to be optzmal fOT problem (PW)

— Vu(z) — AAEAq+ A'EAp + A'epr + Bpg + pim — o = 0,
kx + EAq — EAp —epr — Ao = 0, (FOC)

t
—SgZ[Am—f]TSS, fort=1,...,T —1,
T=1

¢(Ar —x)=0, Bx<dm>x>0, z2>0,

AQa Apa Homs Ko, Hd,s )‘O Z 0
AJFE (Ax —z+S5)=0, Ap'E'(Az—7—-S5)=0, (CS)

fir(x =m) =0, gz =0, py(Br—d)=0, Ni=0.

Proof. Since the utility functions are concave and the cost functions are convex, prob-
lem (PW) is convex with differentiable objective function. Therefore the KKT condi-
tions are the necessary and sufficient conditions to characterize an optimal solution,
which includes first order stationary condition (FOC), primal feasibility, dual feasi-

bility and complementary slackness conditions (CS) as above. ]

The next two lemmas establish conditions when the optimal solution will be inte-

rior to constraint £ > 0 and Bz < d respectively.

Lemma 5.2.2. For problem (PW) with S > 0, if there exists one consumer i with

Vul(0) >0, then ' > 0 for all t at any optimal solution.

Proof. We first argue that at optimal solution there exists at least one ¢ with z¢ > 0.
We assume the contrary, z¥ = 0 and by total market clearing constraints, we have

> i1 7 =0, hence x} = 0 for all i and ¢. From condition (FOC) in Lemma [5.2.1} we

7

have

Vui(x}) — [pali — [m)f + [0l = kz' = X,

for all 7 and 7. For this all 0 solution, the constraints 2! < m and 3./, 2! < d; are

not tight, and hence muy = p,,, = 0. We have for user j at time 7

Vui(x]) = =[po]i — A <0,

128



which is a contradiction. Hence we have shown the existence of some ¢ with z¢ > 0.
We next argue by contradiction that z* > 0 for all . If T = 1 the statement holds

trivially. For T > 2, assume there exists a period 6 with 2 = 0 in an optimal solution

(z,7), whose (at least one) neighboring period 3 satisfies z° > 0. We construct a

new solution (y,#), which is identical to (z,7), except 7° = 7% — ¢ and 3’ = 3’ + ¢

zP—z°

5—- From strict convexity of generation cost

for some positive scalar € with ¢ <

function and Lemma [5.2.6] we obtain

k(z%)?  k(ZP)? k(@ +e)? k(TP —¢)?
y o 7 2 * 2

If solution (y, ) is feasible, then the proof is completed. Otherwise, we have either

0
Z[Ax —Zl;,=—=5 and 0 <, or zﬂ:[Ax -z, =5 and §>p.
=1 =1
In the first situation, we have Zle[Ax]T +5 = Z?—:l z7, therefore, there exists
at < 6 with @ > 0, we set 8 equal to the largest such ¢ and repeat the previous
e-shifting procedure to obtain a feasible solution with better objective function value.
In the second situation, by the constraint ¢/(Ax — z) = 0, we have § < T and
there exists a time ¢t > § with 0 < [Az], < T', we set [ to be the smallest such ¢ with
t > 6 and repeat the previous e-shifting procedure to obtain a feasible solution with
better objective function value.
Hence we conclude that there is another feasible solution with better objective

function value and therefore the original solution with % = 0 cannot be optimal.

]

Lemma 5.2.3. Let (x,Z) be any optimal solution for problem (PW). Then for con-
sumer i with d; > (T'— 1)m and
T
> Vul(0) < kd;, (5.7)
t=1

the constraint Zthl xt < d; is not tight, i.e., Zthl zt < d; for any S > 0.
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Proof. We assume the contrary, i.e., Zthl z! = d;. From condition (FOC) in Lemma

5.2.1| we have
Vg (x}) = [pali — [ml; + [0l = k' — NG,

for all ¢. Since d; > (T — 1)m, we have z! > 0 for all periods ¢. Assumption (10| and
Lemma guarantee that ' > 0. Hence by complementary slackness condition

(o]t = 0 and N = 0 for all ¢. Therefore the previous relation can be simplified to
V(i) — [pali — [pm]; = k2,

We sum the above equation over ¢ and have

T T
> Vul(al) = kE' 4 [pali + (]!
=1 =1

From the constraint ¢/(Az — %) = 0, we have Y, k7' > S|, k! = d. Therefore,

by nonnegativity of the dual variables g and pu,,, we have

T
D k' + [pali + [l > kd.
t=1

Concavity of utility functions u! implies that Vu!(x}) < Vul(0), and thus we can sum

over ¢t and have

T T
> Vul(al) <> Vul(0) < kd,
t=1 t=1

The previous three relations combined gives a contradiction and therefore we conclude

Z;Tzl (’Ef < d;. ]

To avoid trivial solution of producing 0 electricity for all periods, we assume the

following holds true for the rest of the chapter.

Assumption 10. There exists one consumer i with Vu(0) > 0 for some time period

t.

By Lemma [5.2.2] this condition guarantees that the production is positive for all
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periods when S > 0.
We can now derive some monotonicity results of problem (PW). The next lemma
states that price fluctuation is monotonically decreasing with parameter .S, which will

be used later to show that the generation fluctuation decreases with S in Corollary

b.21l

Lemma 5.2.4. The price fluctuation ||Ap||,, at the optimal solution of problem

s a nonincreasing function in S.

Proof. For notational clarity, we let

_ : _ — / =
opr.Ap) = min  —u(e) +c(a) + (epr + EAp) (Az - 7).

Hence problem (j5.6) can be written as

max g(pr, Ap) — S ||Ap]],, -
pr,Ap

Consider two nonnegative scalars S; < S;. We denote by pr, Ap the optimal solu-
tion to the previous problem with S = S; and g7, Ag the optimal solution associated

with S = 5;. Using optimality conditions of two problem instances, we have

9(pr, Ap) = Si[|Apll, = g(gr, Ag) = Si[|Adll,, ,

and

glqr, Aq) — Sz ||Adql|,, > g(pr, Ap) — S2 ||Ap]],, -

By summing the previous two inequalities and canceling the terms involving function
g, we obtain

(52 — 51) HAPHw > (52 - Sl) ||ACI||w'

By assumption, we have S; < Sy and we can divide both side by positive scalar
Sy — S and conclude

12D, > l1Ad]l,, ,
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i.e., the price fluctuation associated with the smaller S is at least as large as the

fluctuation with bigger S, which establishes the claim. n

The above lemma holds for any w > 0 and therefor applies to (PW) where we

used L; norm.

Lemma 5.2.5. At the optimal solution of problem (PW), we have Ap = kAZ for
S > 0.

Proof. Assumption [L0| guarantees that ' > 0 and thus by complementary slackness
condition, we have uf) = 0 for all t. We can therefore drop pfy from Eq. (FOC) in
Lemma [5.2.1] and obtain

kz' = p',

which leads to the above result. O

Corollary 5.2.1. The total generation fluctuation ||AZ||, is nonincreasing function

in storage size S.

Proof. We consider the L; norm of generation fluctuation and have
T-1
1Al = 3 2 — 2| = 2 — o
t=1

where the last equality follows from the monotonicity shown in the preceding theorem.

The result then follows from Lemmas and [5.2.4] ]

Remark: An alternative way to reduce generation fluctuation is to penalize di-
rectly ||AZ||. We chose instead to focus on the penalty involving ||Apl|, because this
formulation preserves two important properties from the competitive equilibrium for-
mulation, i.e., monotonicity and the direct connection between price and generation
fluctuation as shown in the previous two theorems. The monotonicity property is very
intuitive and easy to explain to all stakeholders. Hence, it is a desirable feature in
designing future electricity market, which will need support from various consumers,

generators and government organizations. FEven though we have been focusing on
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generation fluctuation, heavy price fluctuation also imposes difficulties in budgeting
process for both large industrial consumers, such as aluminum factories, and gener-
ators who are operating on very thin margins and therefore is also an undesirable
characteristic. The connection between generation and price fluctuations from Lem-

mas [5.2.5 and [5.2.4] can address this problem, since it implies a reduction in both

generation and price fluctuation as a result of introducing storage.

The following simple lemma states a powerful property of convex functions and

will play a key role in the rest of the analysis.

Lemma 5.2.6. For a convez function f: R — R and a < b, ¢ > 0 we have

fla) + f(b) = fla+e)+ f(b—e).

If function f s strictly convex, then

fla) + f(0) > fla+e) + f(b—e).

Proof. We first assume that function f is convex. We write scalar o to denote f = =

b—a’
and therefore by simple calculation, we have
e (b—a—eb (b—a)b—¢€)
Ba+ (1 5)b—b_a+ — = — =0b—, (5.8)
and
(l—ﬁ)a+ﬁb:(b_a_6)a+ eb :(b—a)(a—ire):ajLe‘ (5.9)

b—a b—a b—a

From convexity of function f, we have

Bf(a) + (1 =p)f(b) = f(Ba+ (1= pB)b),

and

(1=p)f(a) +Bf(b) = f((L = B)a+ pb).
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We can add the preceding two inequalities and have

fla) + f(b) = f(Ba+ (1= p)b) + f((1 = B)a+ Bb).

By substituting Eqgs. (5.8) and (5.9) into the above relation, we can establish the
desired result.
If function f is strictly convex, we have that all the inequalities above become

strict, which shows the claim. O

We can now use the existing set of results to establish monotonicity of generation,
consumption, supply-demand mismatch at optimal solution, which will then be used
in Theorem m to show that the constraint —S < "' _ [Ax — 7], is redundant, so
that we can simplify the problem and derive a distributed implementation in the next

section.

Theorem 5.2.2. (Monotonicity of Total Consumption and Production) Con-
sider problem (PW) with a strict convex time-invariant generation cost function c'.

Then for any optimal solution (x,Z), both the total consumption level [Az]; and gen-

t

eration level [T'] are monotone nonincreasing in t, i.e., [Az]; > [Ax)iyq, T8 > 78!

foralll <t<T.

Proof. We prove the claims by contradiction.

Monotonicity of z':

We first establish the monotonicity in Z'. Assume the contrary, i.e., there exists a
period ¢ with z' < z'*!. There are two possibilities: [Az|; < [Az];41 and [Az]; >

[Ax]i11

(a) [Ax] < [Az]i

By using the definition of
N

[Ax], = Z xt,

i=1

and the fact that ¢ > 0, we can infer that there exists a user i, with 2} < /™
t+1_r$ i‘t+l

in this case. Let € = min{=——, 2_it}, we will derive a contradiction by
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constructing another feasible solution with better objective function value than
(,Z). This new solution (y, %) is constructed by shifting € consumption from
time ¢+ 1 to ¢ for user i and adjust production by same amount, i.e., y! = xl+e,

t+1 _ xf“ .

v 6, ' =7' +¢ gt = 2" — ¢, all other y] and 77 same as (r, 7).

From definition of €, we have
i <ol fe<alt —e < alth (5.10)

Since the utility functions u} are concave, the functions —u} are convex, by

Lemma [5.2.6] and we have

uj(w) + €) — uf(a}) > ul(af™) — uf(al™ — o).

The functions u! are differentiable, therefore by fundamental theorem of calcu-

lus, the right hand side can be written as
IE+1 27§+1
ul(z ) —ul (2t —e) = / Vaul(r)dr > / Vult (7)dr = v (@) —ut (2l —e),
t
X

i\ i i i i i
+1 41
i i

—€ x €

where the inequality follows from Assumption [9] Assumption [J] guarantees at
least one of the above two inequalities will be strict. We can therefore add these

two inequalities together and deduce

u1§+1(x’§+1 —€)+ uf(xf +€) > u;ﬁﬂ (Iﬁl) + uf(xt) (5.11)

3 (2 3

We use the definition of € one more time and have
o<t te< M —e <l (5.12)

The functions ¢! are time invariant and strictly convex. Hence, we can apply
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Lemma to generation cost, and obtain
(@) + HETY) > (T o)+ T ETT — o).
By adding the preceding inequality and Eq. , we get
—ul T (2l —e) —ul(z o)+ (' o)+ E M —€) < —ul T (2l ) —ul(zh) () + T (3,

) i ) i %

and thus

—u(y) + c(g) < —u(x) + ().

Based on the construction of (y,y) and feasibility of (z,z), we have Ay — y =
Az —z, By = Bx < d. From Egs. (5.10) and (5.12)), we have y > 0, 0 > y > 0.

Thus the solution (y,y) is feasible for problem (PW) and achieves a better

objective function value than the optimal solution, which is a contradiction.

(b) [Az]y = [Az]er
We will use a similar argument as before, this time keeping the consumption
the same, while shifting some generation from period t 4+ 1 to ¢. Formally, for

some positive scalar €, we construct a new solution (y,y) with §* = Z' + € and

t+1

gt = 2" — ¢, and all other y7 and §” same as (z, 7).

We will use the choice of € given by € = min{ ‘fm{jt S [Ax — 7], + S}. We

first show that € > 0 and the solution constructed above is feasible. To prove

e > 0, we assume the contrary, i.e., ¢ < 0, which could only happen when

t

> Az — 7], < -5,

7=1
since 7't > 7! by assumption. From feasibility of (z,Z), we have

B
> Az —z], > -5, (5.13)

=1
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for all § < T, including 8 =t and therefore

t

> Az —a], = -5 (5.14)

T=1

We use Eq. (5.13) with 8 =t — 1 and have

t—1 t

> Az —z], = [Az — 7], — [Az — 7], > -S.

T=1 T=1

Summing the previous two relations gives

From the assumptions that 7' < z'*! and [Ax]; > [Ax];y1, we have [Az — 7], >
[Az — Z;41, and thus

L4I'—'fh+1<<(l

This inequality and Eq. (5.14)) imply that

t+1 t

Z[Ax — I, = Z[Aa: — I, + [Az — T1 < =S,

=1 =1

which violates Eq. (5.13) for § =t + 1 and is a contradiction. Hence we have

e > 0.

We next verify that solution (y, y) is feasible for problem (PW). The constraints
m >y >0,y >0ande'(Ay—y) = 0 can all be easily verified based on definition
of (y,y). We also have

—S <Y [Ay—yl. =) [Ar—3], < S

T=1 T=1
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for m # t by definition of (y,7), and hence we only need to show

—-5< Zt:[Ay — ], < 8. (5.15)

Since we are increasing production at period ¢, we have ¢* > zZ' and
t t

Z[Ay — gl = Z[AJ} —z]; —e< S,

T=1 T=1

where we used Eq. (5.13) for 8 = t. To show —S < 3>'_ [Ay — 7., based on

definition of €, we have

t t t

Ay —gl, =) [Ar -7, —e> ) [Av—a], — () _[Az— 7], + §) = -5

=1 T=1 T=1

Thus Eq. (5.15)) is satisfied and the solution (y, ) is feasible.

We now show that (y,7y) achieves better objective function value than (x, ).

By using strict convexity of functions ¢! and Lemma [5.2.6] we have

<l pe<a —e< @t a4+ T ETY) > (T 4 e) 4+ T ET — o).

Since all the other generation and consumption are the same as before, we have
—u(y) + c(g) < —u(x) + (7).

Thus the solution (y,y) achieves a strictly better objective function value.

To conclude this part of the proof, we have shown that in both of the possible

scenarios, there exists a feasible solution (y, ) with a better objective function value,

which is a contradiction to the optimality of solution (z,z) and thus the generations

7' is monotonically nonincreasing,.

Monotonicity of [Ax];:
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We now show monotonicity in [Az];, also by contradiction. Assume there exists a

period t with [Az]; < [Az]i+1. By using the definition of

N

[A'r]t = Z l";,

i=1

t+1

‘ .

and the fact that 2! > 0, we can infer that there exists a user i, with 2! < z
We use a similar argument of creating another feasible solution with better objective
function value as before. This time we keep the generation schedule the same, while

shift some consumption for user ¢ from period ¢ + 1 to t. Formally, for some scalar ¢

—zit! _ . -
z 5,8 — ' [Az — 7]}, we construct a new solution (y, ) with

t_ ot tH1 b+l
y; =x; +eand y; = x;

with € = min{
— ¢, and all other y7 and §” same as (z, 7). We first show

that € > 0 and the solution (y, y) is feasible.

To prove € > 0, we assume the contrary, i.e., ¢ < 0, which could only happen when

t

> Az — 1], > S,

=1
since z't! > z' by assumption. From feasibility of (z,Z), we have

B
> Az —1], < 5, (5.16)

=1
for all § < T, including § =t and therefore
t

> Az —z], = S. (5.17)

=1

We use Eq. (5.16) with § =t — 1 and have

—_

Az — 7], =) [Ax 7], — [Az — 7], < S

1 T=1

~+

T
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Summing the previous two relations gives

From the assumptions that z' > z'*! and [Az]; < [Az]1, we have [Az — 7], <
[Az — 441, and thus

[AZU — .f']tJrl > 0.

This inequality and Eq. (5.17)) imply that

t+1 ¢
Z[Ax — I, = Z[Ax — Ty + [Az — Z)ppq > S,
=1 =1

which violates Eq. (5.16) for f =t + 1 and is a contradiction. Hence we have € > 0.

We next verify that solution (y, %) is feasible for problem (PW). The constraints
m>y>0,y>0and e (Ay — y) = 0 can all be easily verified based on definition of
(y,y). We also have

S <3y = YA —a], <5,

T=1 T=1

for m # ¢ by definition of (y, ), and hence we only need to show

-5< Et:[Ay —gl- <8 (5.18)

Since we are decreasing production at period ¢, we have §* > 7' and

t t

S Ay -5l =) [Ar — 7] +€> =S,

T=1 T=1

where we used Eq. (5.16) for 8 = t. To show >.'_[Ay — 7], < S, we use definition

of € and have

t t t t

Ay —gl- =) [Ar—a], +e<> [Av -], + (S— ) [Az—1],) =S

=1 =1 =1 =1



Thus Eq. is satisfied and the solution (y, ) is feasible.

We now show that (y, ) achieves better objective function value than (z,z), for
ot < at+e <2t —e < 2!t Then by concavity of function u and Lemma we
have

ui (g + €) — () > wi(ai™) —ui(zi — ).

Assumption [J] guarantees

41 2t

x
uf(xﬁ“)—uf(x’;“—e) = / Z Vaul(r)dr > / ' §7u§+1(7-)d7- = uf“(a:ﬁ“)—u,f“(:cﬁ“—e),
t+1 t4+1
x, " —€ xz,—e

and at least one of these inequalities is strict.

Thus, we can combine these two inequalities and have
wi (gt =€)+ up(ad + €) > u (e + i)
Since all the other generation and consumption are the same as before, we have

—u(y) + c(y) < —u(x) + ().

Thus the feasible solution (y,y) achieves a strictly better objective function value
than the optimal solution (x,Z), which is a contradiction. Therefore, we have shown
that [Azx]; is monotone.

]

Lemma 5.2.7. (Monotonicity of Supply-Demand Mismatch) Let (x,Z) be an
optimal solution to problem (PW) with S > 0, then the supply-demand mismatch

[Ax — T, is monotone nonincreasing in t, i.e.,
[AI — i’]t Z [A[E — j]t—l—l

forall1 <t<T.

Proof. We show this by contraction. Let ¢ be an time with [Ax — Z]; < [Az — Z]141.
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By monotonicity of [Az]; from Theorem [5.2.2, we have [Ax|, > [Ax];y1, therefore
' > . We will construct another solution (y, ) and show that it is feasible and
achieves a better objective function value than (z,z). This new solution is created by

keeping the consumptions the same and shifting some generation from period £+ 1 to

Ft_gttl

55— S [Ax—7],}, we construct

t. Formally, for some scalar € with ¢ = min{
a new solution (y,7) with 7' = ' — € and 7" = Z'*! 4 ¢, and all other y] and 7"

same as (z,z). We first show that € > 0 and the solution (y,y) is feasible.

To prove € > 0, we assume the contrary, i.e., ¢ < 0, which could only happen when

t

> Az —z], > 8,

=1
since 7' > 7!, From feasibility of (z,Z), we have

B
> Az —1], < 5, (5.19)

T=1
for all § < T, including § =t and therefore

t

> Az —1z], = S. (5.20)

=1

We use Eq. (5.19) with § =t — 1 and have

~+
[y

Az — 7], =) [Ax 7], — [Az — 7], < S

=1 =1

The previous two relations imply that

Recall that [Ax — 7|, < [Ax — Z]441, and thus

[AIL' — i’]t+1 > 0.
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The above inequality and Eq. (5.20]) imply that

t+1 t

> [Az—z], = [Az — 7], + [Az — T)ysy > 0,

=1 =1

which violates Eq. (5.13)) for 8 =t + 1 and is a contradiction. Hence we have € > 0.

We next verify that solution (y, %) is feasible for problem (PW). The constraints
m>y>0,y>0and e(Ay — g) = 0 can all be easily verified based on definition of
(y,y). We also have

T T

Z[Ay - g]T = Z[A.T - i]r;

=1 =1

for m # ¢ by definition of (y, ), and hence we only need to show

- 5< i[Ay — 7). < 8. (5.21)

Since we are decreasing production at period ¢, we have y* > z* and
t t

Ay —gl, =D [Az— 1], +e> -5,

T=1 T=1

where we used Eq. (5.19) for # = t. To show —S < Zizl [Ay—y|,, based on definition

of €, we have

t t t t

SAy—gl- =) [Az—z], +e<> [Av—a], + (S =) [Az—1],) =S

T=1 T=1 =1 T=1

Thus Eq. (5.21)) is satisfied and the solution (y,y) is feasible.

We now show that (y,y) achieves better objective function value than (z,z). By

using strict convexity of functions ¢! and Lemma [5.2.6] we have
<4 e< T —e< T, @) 4+ dTHETY) > @ o) 4+ AT ET — o).

Due to the fact that all the other generation and consumption are the same as before,
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we have

—u(y) + c(y) < —u(x) + ().

Thus the solution (y, %) achieves a strictly better objective function value. We now
arrive at a contradiction and conclude that [Az — z]; > [Az — Z];q for all 1 <t <

T. [l

Theorem 5.2.3. Let (z,z) be an optimal solution of (PW), then we have

t

> [Az—z], >0

=1

forallt <T —1.

Proof. Assume there exists a time ¢t > T — 1, with 3! _ [Az — 7], < 0. From Lemma
5.2.7, we have at optimal solution (z, z) of problem (PW), [Az — Z], is monotonically
nonincreasing in 7. Therefore, we have [Az — z]; < 0 and [Az — ], < 0 for all 7 > t.

This implies that
T

Z[Ax — 7], =€'(Az —T) <0,

T=1
which contradicts with the constraint ¢’(Az — ) = 0. Thus we arrive at a contradic-

tion and conclude that ! _ [Az — 7], > 0 forall t <T — 1. O

The next lemma states that any constraints what are not binding can be dropped

from the optimization problem.

Lemma 5.2.8. Consider the following two optimization problems,

mxin f(z), min  f(y),

Y

s.t. Hx < h,Gxr <g. s.t. Hy < h,

where f is strictly convex. Suppose the optimal solutions for these problems exists,
denoted by x*,y* respectively. If Gx* < g, then the two problems have the same

optimal solution.
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Proof. We first show that the two problems have the same optimal objective function

value. Since the problem on the right is more constrained, we have

f@) = fy).
By optimality condition of x*, we have

z* € argmin f(z) + (%) (Gx — g),
Hzxz<h

where z* is the optimal dual variable associated with Gz < g. In view of Ga* < g,

by complementary slackness condition, we have z* = 0, and thus

x* € argmin f(z),
Hz<h

ie.,

Hence we have

We can now use strict convexity of function f and conclude that the two optimal

solutions are the same.

Theorem implies that constraint >'_ [Az — 7], > —S is not active at
optimal solution of (PW) and therefore by the previous lemma and strict convexity
of generation cost function [c.f. Assumption , this constraint can be dropped from
the problem formulation. Similarly, Lemma [5.2.2] and Assumption implies that

the constraint £ > 0 can be ignored from the problem formulation. For the rest of
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the chapter, we focus on the following problem

min  — u(x) + ¢(7), (PW2)

t
s.t. Z[Ax—E]TSS, fort=1,..., 7T —1,

T=1
e'(Ax — ) =0,
Bx <d,

m>x > 0.

We note that the properties we derived thus far for the optimal solution of (PW) carry
over to (PW2) by Lemma [5.2.8] We can now reinterpret the physical meaning of S.
For a storage of size S starting fully charged, the level of energy remaining in storage
at time ¢ is given by S—>_'_,[Az—7],. The constraint >’ _,[Az—Z], < S guarantees
that the energy level will stay nonnegative. Theorem implies that the storage
level will not exceed S at the optimal solution. Hence the optimal solution can be
implemented with a storage of size S starting fully charged. Constraint ¢’(Az—z) =0
also guarantees that at the end of T" periods, the storage level will come back to S

and be ready for the next T period cycle (assuming the storage is friction free).

5.2.3 Distributed Implementation

As the competitive equilibrium framework before, this problem (PW) can also be
decomposed into the following two problems, one for the generator (PG), one for
the demand/consumers (PD), where the total market balancing constraint and the
storage size constraint are implemented via price.

min ¢(z) — p'z, (PG)

z>0



min  p'z — u(x), (PD)
s.t. Bz <d,

m>x > 0.

The following theorem states formally the equivalence between problems (PG),

(PD) and (PW). This is the counterpart of Theorem when storage is introduced.

Theorem 5.2.4. Any optimal solution of problem (PW2) can be represented by prob-
lems (PD) and (PG) with p = EAp + pr, where Ap and pr are the optimal dual
variables for problem (PW2). Conversely, any solution pair (x,z) for problem (PD)
and (PW) where ' _|[Az — 7], < S fort =1,...,T — 1, ¢(Axr — Z) = 0 and the
complementary slackness conditions for Ap'E'(Ax — & — S) = 0, is satisfied where

[Aple = pr — pit1, is an optimal solution for problem (PW2).

Proof. This can be shown based on the necessary and sufficient optimality conditions.

Using an argument similar to Theorem |4.2.1} ]

The preceding theorem gives us an equivalent form for problem (PW2), which

leads to the following distributed implementation of problem (PW2).
Lemma 5.2.9. Let function

q(pr, Ap) = {xj}z({r?lvg(x’Bde u(z) — () — pre’(Ax — ) — Ap'[E'(Ax — T) — S].

Function q(pr, Ap) is convex in pr, Ap and if the variable pair (z*,T*) attains the
mazximum, then the vector (¢/(z*— Ax*), E'(Ax*—z*)—S5) is a subgradient for function

q(pr, Ap).

Proof. The function ¢(pr, Ap) is pointwise maximum of a convex function in py and
Ap, therefore is convex in both of the variables.

We use the definition of subgradient to show the second part of the lemma, for
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some jp, Aj in R, RT~! respectively.

q(jr, Aj) = max u(x) — o(z) — jre'(Az — 7) — Aj'[E'(Av — ) — 5]

{2,2}>0,m>z,Bz<d
> u(a*) — () — jre/ (Ax* — 7*) — Aj[E'(Az* — 7°) — S
= u(z®) — o(*) — pre'(Az* — ) — AP [E'(Az* — ) — ]
— (jr — pr)e/(Az” — ) — (Aj — Ap)'[E/(Ax* — &) — S,

= q(pt, Ap) — (jr — pr)e'(Az" — 27) — (Aj — Ap)'[E'(Az" — z7) — 5],

where the inequality follows from the maximization operation. Thus the preceding
relation implies that the vector (¢/(z* — Az*), S — E'(Ax* — &*)) is a subgradient for
function q(pr, Ap). O

By using subgradient descent algorithm on problem (PW2), we have the following

iteration, where we use notation x(7) to denote the value of variable x at iteration .

Distributed Implementaion for Price Fluctuation Penalized Social Wel-

fare:

A Initialization: the central planner chooses some arbitrary price vector pr(0)

in R and Ap(0) in RT—1.
B At iteration k:

a Consumers solve problem (PD) and suppliers solve problem (PG) inde-
pendently using price vector pr(7), Ap(7) to obtain quantity demanded
vector z(7) and quantity supplied Z(7).

b The central planner updates price as

pr(t+1) =pr(1) — 0(7)e' (7" — Ax™),

Ap(T+1) = Ap(7) = 0(7)[S — E'(Ax” —z7)],

where () is some positive stepsize.
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The above algorithm is subgradient descent of a convex problem, therefore con-

verges for s(k) sufficiently small.

Remarks: The variable pre + EAp is the market price vector (note in case of
excess supply, the supplier receives same compensation for supplying to consumers
and the storage and in case of excess demand, the consumer pays the same price for
using power from storage or the generator). When this algorithm converges, the solu-
tion satisfies total market clearing constraint and storage constraint. Problem (PD)
and (PG) are the same as their counterparts in previous chapter without fluctuation
penalty. The only difference is that price adjustment in the algorithm now involves

storage size S.

We also note that when implementing step B.b, only aggregate quantity demanded
for each time period is necessary, instead of individual consumer choices of x%, which
can be used to protect consumer privacy if a third party who can aggregate the

demand is present, such as distribution center.

5.3 Social Welfare and Generation Fluctuation Anal-
ysis

We next analyze the effect of storage on social welfare and price, generation fluc-
tuations, i.e., u(x) — ¢(z) and Az, Ap as a function of the nonnegative scalar S in
problem (PW2). Section [5.3.1] we show that social welfare is concavely nondecreasing
in storage size. In Section[5.3.2] we focus on the case where demand is inelastic and we
give an explicit characterization of the optimal storage access policy and production
level. In Section [5.3.3] a two period case is analyzed, where we relate the production
variation with concavity of the utility functions and show that a more concave utility

function results in less production fluctuation.
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5.3.1 Social Welfare Analysis

In this section, we study the properties of the social welfare function u(z) — ¢(Z) as a

function of the parameter S for the general problem formulation with L, norm, i.e.,

max u(z) — (), (PWq)

st. ||E'(Ax — :70)||q <5,
Bx <d,
x>0, x>0,

¢'(Az —7) =0,

and show that the social welfare is a concave nondecreasing function of S. This is a
more general problem than (PW2) and we have shown in the previous section, when
L., norm is used, the two are equivalent.

We will need to use the following lemma to show the concavity.

Lemma 5.3.1. Consider the following problem

min  f(y),

)

st gi(y) <b, i=1,....,m

where each of the functions f : R® — R and g; : R® — R for all i is convex. Let f*(b)
denote the optimal function value where vector b = [b;); = b, then we have for a in
[0, 1]

£ (b + (1= a)by) < af*(by) + (1 — ) f*(ba),

i.€., function f* is convex.

Proof. We let y; denote an optimal solution associated with b = by, i.e., f*(by) =
f(y1). Similarly y, denote an optimal solution associated with b = by. We proceed

by constructing a feasible solution ay; + (1 — «)ys for b = ab; + (1 — )by and then
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use optimality of f*(ab; + (1 — a)bs).
We first show that ay; + (1 — «)ys is a feasible solution. Based on feasibility of

solutions y; and y,, we have

gi(y1) < b, gi(ye) < by, Lyy=h, Ly, =nh

Hence, by using convexity of the functions g;, we have

gilayr + (1 = a)yz) < agi(yr) + (1 — a)gi(y2) < aby + (1 — a)bs.
By linearity of the matrix vector product, we have

Loy + (1 — a)y2) = aLy; + (1 — )Ly, = ah + (1 — a)h = h.

Therefore ay; + (1 — a)ys is a feasible solution for b = ab; + (1 — «)bs.
From optimality of the value f*(ab; + (1 — a)by), we have

frlabi+(1—a)by) < flayi+(1—a)yz) < af (y1)+(1—a)f(y2) = af*(bi)+(1—a)f*(b2),
where the second inequality follows from convexity of function f and the equality is
based on definitions of y; and ys. ]

The following lemma will be necessary to show that our constraint involving L,

norm in (PWq) has a convex function on the left hand side.
Lemma 5.3.2. The L, norm i.e., ||y||, fory in R, is convex iny for ¢ > 1.

Proof. From definition of L, norm and algebraic manipulation, we have

1
n q
llayll, = (Zaqy1> —a <Zy3> = allyll,-
i=1
Thus, by using Minkowski inequality, we have

llayy + (1 = @)usll, < [layll; + [[(1 = @uall, = aflyll, + (1 = a) |yl
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where the equality follows from the preceding relation. O]

Theorem 5.3.1. The optimal social welfare u(x) — c¢(z) in problem (PW2) as a

function of S, denoted by W (S), is concave and monotonically nondecreasing.

Proof. We first establish the concave part using results from Lemma [5.3.1 We let
y=[2",7", f(y) = —u(x)+c(Z), Ly = h represent the linear equality constraint and
define g; for each of the inequality constraint. We first show that all the inequality
constraints are convex. This claim is clearly true for the linear inequality constraints.

We then focus on the left hand side of the constraint
1B (Az — D), < 5.

The function ||E'(Az —Z)||, is a composition of a linear function and the norm

1,
operator, which is convex by the previous lemma, and therefore the composition
function is also convex. We can now apply Lemma by letting the right hand
side of the inequality take values b; = [Sy,d,0/,0') and by = [Sy,d,0/,0]" with
aby + (1 — a)by = [@S1 + (1 — a)S2, d,0/,0] for a in [0,1] and Lemma shows

that the optimal social welfare satisfies
—W(a51 + (1 — 04)52) S —OéW(Sl) — (1 — Q)W(Sg)

We can multiply both sides by —1 and establish concavity of function W (S).
We next show that function W (S) is an increasing function in S. We note that the
feasible set is expanding as S increases and therefore the maximal objective function

value is nondecreasing in S. [

The previous theorem suggests that social welfare is non-decreasing in S and the
increasing in social welfare slows down, as S grows bigger. The result holds for any
general L, norm. In case of L., norm, the scalar S can be viewed as the storage
size as shown in the previous section. Thus far we have assumed the storage is freely
available, however the cost of storage in reality is a convex increasing function in

size.  When we combine both the social welfare and the cost of storage together,
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the previous theorem implies the existence of an optimal storage size (under the
assumption of a perfectly frictionless storage). The value of such storage size depends
on the actual functional form of the cost of storage, consumer utility and generator

cost functions.

5.3.2 Inelastic Demand Analysis

For this part of analysis, we assume the individual demands are inelastic (nonnegative
and satisfying Assumption E[), denoted by z and aggregate demand y = Az, [| and
analyze the effect of storage on generation and price fluctuation. E| Since the demand
is inelastic the consumer utility w(z) and consumption vector x remain constant as

we vary storage size S. We can then simply problem (PW2) to

s.t. Z[y—a?]qgs, fort=1,...,7T -1,

q=1

e'(y—z) =0.

To derive the optimal generation schedule, we will rely on the following lemma,

which states an important property of convex functions.

Lemma 5.3.3. For any convex function f : R™ — R, the following relation holds for
integer any M > 2,

Mo M
Mf —Zj;jlx] <> fla)

j=1
Proof. We prove by induction. For M = 2 the desired result is equivalent to

f (%xl + %-’M) < %f(iﬁ) + %f(%),

1Since the individual demands satisfy the monotonicity assumption, Theorem states that
the aggregate demand is monotone, i.e. y* > y*! for all ¢.

2From previous section, we have that as the size of storage increases, both the price and generation
fluctuation decrease and the total demand would fluctuate more if the demand is elastic. Therefore,
the inelastic case considered in this section provides a best case bound on how much improvement
in price and generation fluctuation the introduction of storage can bring.
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which holds by convexity of function f.
Now we assume the desired relation holds for M and prove it for M + 1. We

observe that

M+1 M M
Dot T _ 21T | Ty M D=1 T | T

M+1 M+1 M+1 M+1 M M+1’

where the second equality follows by multiplying the first term by 1 = % Therefore,

by convexity of function f, we have

M g M Moz
f (Z]\}; fj) <ar1! (ZJMI%) +M1+1f<xM+1>.

By the induction hypothesis, we have

f (sz> SO

Therefore, we can combine the preceding two relations and obtain

M, R 1
f (Efﬁ fj> S 12 )+ gy ),

j=1
which by multiplying both sides with factor M + 1 completes the induction step. [

The intuition from the preceding lemma suggests the minimal cost generation
is when all periods are close to the mean. We next formally derive the optimal

production schedule based on this intuition. For notational convenience, we denote

by
1T
Jj= — ¢ 5.22
=T 62

the average aggregate demand over time. We let 7 to denote the largest time index

with y* > ¥ and scalar

o=> v~ (5.:23)

t<t

represents the one sided total mean deviation. We note that by definition of 3, we have
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> izaly’ —¥] = —0. We can now establish the following theorem, which characterizes

the optimal generation level.

Theorem 5.3.2. For problem (PW2) with any time invariant strictly convex differ-
entiable cost function ¢, storage size S > 0, with scalars §, 0, T defined as above.

Then when S > 0, the unique optimal solution T is given as

I
<

Otherwise, we let & denote the smallest index with
3
Zyt — S > &yt (5.24)
t=1
and (8 denote the largest index with
T
Syt +S<(T-B). (5.25)
t=B+1

The optimal solution s given by

€ b
Zt:lgyt & fO’f’ t S €>
=23 4t for &<t <p, (5.26)
T t
—Z”:‘;’jﬁy S for t>p.

Proof. Due to strict convexity of ¢!, the optimal solution is unique. Since the cost

functions are convex, the sufficient condition for Z to be an optimal solution of problem

(PC) is

V(T — Z Ap — pr =0, (5.27)
Ap>0, > y—a,<8, €@—y) =0, (5.28)
Ap' (Z[y — I, — S) =0, (5.29)
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for some dual variables [Ap']; = Ap and pr. The dual variable Ap' is associated
with constraints th:l[y — |, < S and pr with the constraint €'(y — ). The three
relations above represent stationary condition, primal, dual feasibility and comple-
mentary slackness condition respectively. We next verify solution z*, for both S > 6

and S < 6, defined in the theorem satisfies all these conditions.

A. When S > 0:
We first verify that when S > 0, the solution of #' = ¥ satisfies the above
condition. We will use the dual variables pr = V'(y), Ap = 0. All the
conditions other than Zzzl[y — ], < S are clearly satisfied. We now verify
that 2221[9 — |, < S is also satisfied. In view of definition of 6, we have for
allt <,

t
0< Y y'—29<0<5,

q=1

and t > T,

t
0> > y'—z'> -0

q=7+1

Also by definition of 7, we have and

qg=1

The preceding two relations combined yield for ¢t > 7,

t
S>0>) y'—z7>0.

q=1

Thus the constraint 2221 y? — 19 < S is satisfied by z¢ = g for all ¢.

B. When S < 6:

We now analyze the case when S < 6. We let the dual variables be defined as

pr = Vd(xr), Ap'=vVd(z') -V (zt). (5.30)
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(a)

Scalars £ and [ are well defined and £ < f:

We start by showing that 7 satisfies Eqgs. and , and therefore
scalars ¢ and [ are well defined. We will then establish that £ < 3. Since
S < 0, we have § > 0 and 7 < T, therefore y™ > 7 > y”*'. By definition

of 7 the following relation holds,

iyt—qu“:Zy —y) > Zy ~9)=0>85,
t=1

T T T
T—7y = > v=> W-y)=> G-y)=0>5
t=7+1 t=7+1 t=7+1

where the last equality follows from the fact that 6 = - _ [y* — g] and

> ierlyt — 4l = 0 [e.f. Egs. (5.22), (5.23)]. Thus, the indices £ and 3 are

well defined and satisfies £ < 7 < .

We have thus far proven that the solution proposed in the theorem is well

defined.

The solution Z and dual variables defined in Eq. (5.30) satisfy stationary
condition in Eq. (5.27).
Based on Eq. (5.30), Eq. (5.27)) is clearly satisfied.

The solution Z and dual variables defined in Eq. (5.30)) is feasible, i.e.,

satisfies Eq. (5.28).

We first verify Ap > 0. Based on definition of Z, we have ' = z'*™! for

t < & and t > 3. Therefore based on definition of Ap’, we have
Ap' =0, fort<Eort>}p. (5.31)

By monotonicity of y* and Eq. (5.26)), for ¢ <t < -1, we have z¢ < z!*!
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and hence Ap' > 0. For t = &, from definition of A, we have

Ap£ — Vct <Zt lgy ) VC( tJrl)

> ¢! and thus by strict convexity

¢ —
By definition of £, we have —Zt:lgyt 5

of function ¢, we have Ap¢ > 0. Similarly, using definition of 3, we have

Ap® > 0. Hence, we have Ap = 0.

We next verify that the constraint Zgzl[y — 1], < S is satisfied. From

definition of &, we have

$
D —r=> y - (Zy ) = (5.32)

q=1 t=1

We next show that y* — z' > 0 and thus Z;Zl[y — I, is monotonically

increasing in ¢ and does not exceed S.

From definition of &£, we have

We can add the scalar y* to both side and have

¢
Dy =S¢

t=1

Therefore, by Eq. (5.26)), we have

yt -zt (&/——Ejy-+5>
Since 7' = z¢ for all t < £, by monotonicity of 4 in ¢, we have

Y-zt =y -2 >y =2 > 0.
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Thus, we have shown that Zfl:l[y — 7], < Sfort < For & <t<p, we

have z! = y' and therefore
t £
dly—al,=) ly—a,=5 for&<t<p, (5.33)

q=1 q=1

where the last equality follows from Eq. (5.32). We next show that for

t > [3 the constraint is also satisfied, by showing that y* — z¢ < 0.

From the way f is defined, we have

T
oY+ 8= (T -1y,

t=p+2

by adding y*! to both sides, we have

T
Yy +8=(T—pB)y

t=B+1
By Eq. (5.26)), we have
1 T
BHL _zB+1 .~ (T — B+1 _ t_ gl <o
Y =2 = 2 | (T - By oy <0,

t=p+1
where we used the inequality above to derive the non-positivity.
Hence, for all ¢ > /3, by monotonicity of y* and the fact that z* = z°+!, we

have
yt o i't Z yﬁ+1 o i,t — y5+1 _ iﬁ+1 S 0.
We combine this relation with Eq. ((5.33)) and have
t £
Z[y — ]y < Z[y —Ilg=25.
q=1 q=1

Hence, we have shown that for all 1 <t < T, th:l[y - 7|, <8,
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We now move on to verify €'(z — y). We definition of Z and have

T

T B
thzg—ZtZ1y R S B)Zt 5“y+8 Zy

t=€+1

Thus, all conditions in Eq. (5.28)) are satisfied.

(d) The solution T and dual variables defined in Eq. (5.30]) satisfies comple-
mentary slackness condition in Eq. ((5.29).
From Egs. (]5.31[) and (]5.33[), we have either Ap* = 0 or ZZ=1[y -], = 0.

Therefore complementary slackness condition is satisfied.

Therefore all the optimality conditions are satisfied, z is an optimal solu-

tion for S < 6.

We can now combine the two cases and conclude that & given by Eq. (5.26) is

optimal.

The above theorem characterizes an interesting phase transition in storage size.
Once storage size S reaches the level of one sided total mean deviation #, there are no
additional benefits. On the other hand, when S < #, meaning the quantity demanded
changes a lot over time, then the storage is used to smooth out fluctuation by targeting
very large and very small [cf. Egs. and ] The effect on each production
period is linear. When the demand across time does not change significantly, we have
that & = [ and there will be only one drop in price as well as production level, whereas
when the demand changes drastically over time, then the for each period between &

and ( there may be production level changes.

Remark: The inelastic demand can be realized when the user utility functions

have very large V2u(z).
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5.3.3 Elastic Demand Two Period Analysis

In this section, we consider the scenario where demand is elastic and analyze the effect
of elasticity, measured by the second derivative of the consumer utility function,
on generation fluctuation for a given storage size. We assume the cost function is
quadratic given by ¢(z) = %9?2. We will focus on a two period example with one
representative consumption agent, i.e., T'= 2, N = 1 to illustrate that more concave
utility functions induce less fluctuations. Thus the inelastic demand (can be viewed as
utility function with infinity concavity) gives the least fluctuation in production level,
i.e., the results in the previous section serves as a best case bound. For notational

simplicity, we will drop the index i. The social welfare maximizing problem can be

written as following,

(z%)? (5.34)

glg —ut(zh) —u?(2?) + B
st. zt—zt< S, at+a?=zt+72
o+ 2% < d,
x

0<z'<m, 0<7z, t=1,2.

The first period is assumed to be the preferred time slot. To model the fact that
utility derived from a later period is discounted, we assume the utility functions in
two periods u!, u? satisfy

u?(z) = au'(z),

where a < 1 is the discounting factor. We consider two set of twice differentiable

concave utility functions u, au and g, ag with
0 > Vu(z) > Vg(y), (5.35)

for any z,y in [0,m]. We denote the optimal solution associated with functions u, au

and g, ag by (24(S),z(S)) and (y'(S), 7" (S)) respectively. To normalize the utility
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function choices, we assume when S = 0, the optimal solution satisfies
2'(0) 4+ 2%(0) = y'(0) + y*(0). (5.36)
To isolate the effect of concavity, we will focus on the interior point case where
kd > (1 4+ «)Vu(0), kd> (14 «)Vg(0) (5.37)

and 0 < 2%, y' < m.

Theorem 5.3.3. Consider the two twice differentiable concave utility functions u and
g defined as above, the optimal solutions (z'(0),7'(0)) and (y*(0),7'(0)) associated
with S = 0 satisfy

z'(0) — 2°(0) > 7'(0) — 7*(0).

Proof. Theorem states that z'(0) > 72(0) and ¢'(0) > %%(0). By using the fact
that 21(0) + 2? = y' 4+ y*(0), the desired result can be written equivalently as

In the following proof, we establish this relation by contradiction. Assume z'(0) <

7*(0). This assumption and monotonicity of Z' implies that

With S = 0, we also have z' = Z'. The previous inequality also implies that
y*(0) < 2*(0) < 2'(0) < y'(0) (5.38)

Eq. (5.37) and Lemma implies that the constraint z'(0) + 2%(0) < d is not

tight at either optimal solutions. By using complementary slackness condition, we
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can simplify (FOC) condition from Lemma to

~Vu(z'(0)) + Ap + p; = 0, kz'(0) — Ap —py = 0, (5.39)
—aVu(x*(0)) + py = 0, kz%(0) — py = 0.

We use the condition z' = 2! one more time to rewrite the previous equations as

Vu(x'(0)) = kz'(0), aVu(x*(0)) = kz*(0).

Vg(y'(0)) = ky'(0), aVg(y*(0)) = ky*(0).

These two relations imply that

Vu(a! (0) - Vu(?(0)) = kr'(0)—a(0),  Va(y*(0))~Val(0)) = ky'(0)—4(0).

By Eq. (5.38)), we have
' (0) — Za2(0) < ky'(0) — Sy7(0).
a e
By Fundamental Theorem of Calculus, we have

z!(0) z!(0) y'(0)
Vu(x'(0)) — Vu(2*(0)) = / Vu(z)dz > / V3g(z)dz > / V3g(z)dz
z2(0) z2(0)

= Vy(y'(0)) — Vg(y*(0)).

where the first inequality follows from Eq. (5.35)) and the second one is by the fact
that V2g(2) < 0 and Eq. (5.38). The previous three relations lead to a contradiction
and therefore Eq. (5.38) cannot hold. This proves the desired result. O

The above theorem implies that utility function g, which is more concave, is

associated with less fluctuation for S = 0. We next build on this result and study the
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case where S > 0.

Theorem 5.3.4. Consider the two twice differentiable concave utility functions u
and g defined as above. Then for the optimal solutions (x(S),z(S), (y(5),y(S)) of
problem for all S > 0 where the constraints x* —z* < S, y* —y* < S are tight,
the following condition holds

Proof. Since the storage constraint is tight, we have z*(S) = 21(S) — S and 7?(S) =
z2(S) + S, which gives

zH(S) — 23(S) = 21(S) — 2*(S) — 28.
Similarly for utility function g, we have that the optimal solution satisfies
7'(S) = 7*(8) = y'(S) — y*(S) — 25.
We will establish the desired relation by showing
2!(S) — 2*(S) = ¥ (S) — y*(9).
These terms can be equivalently represented as
z'(8) — 2*(8) = 2'(0) — 2*(0) + (2'(5) — 2(0)) + (2*(0) — 2*(S)),

and
y'(S) = y*(S) = ' (0) —y*(0) + (¥'(S) — y'(0)) + (¥*(0) — y*(5))
respectively. Theorem [5.3.3and the fact that market clears at each period for S = 0,

ie., 2 = 7' and y' = ¢', guarantee

z'(0) — 2*(0) = y'(0) — y*(0).



Next we will show that

z'(8) —2'(0) >y (S) —y'(0),  2*(0) — 2*(S) > y*(0) — y*(S). (5.40)

We first show that both sides of the preceding inequalities are nonnegative.

Eq. (5.37) and Lemma implies that the constraint z'(S) + z2(S) < d is not
tight at the optimal solutions for all § > 0 with either utility functions. By using

complementary slackness condition, we can simplify (FOC) condition from Lemma

62T to

—Vu(z'(0)) + Ap + py = 0, kz'(0) — Ap —py = 0,

—aVu(z*(0)) + pp = 0, kz%(0) — py = 0.
By using the market clearing constraint, i.e., ' = 7!, this implies that
Vu(z'(0)) = kz'(0), aVu(z*(0)) = kx*(0). (5.41)
Similarly, by using the fact that the storage constraint is tight, we have for S > 0,

~Vu(z'(S)) + Ap + p2 = 0, k(z'(S) = ) — Ap—p2 =0,
—aVu(r*(S)) + ps = 0, k(x*(S)+S) —py = 0.

This yields that
Vu(x'(S)) = k(z'(S) = S), aVu(z?(9)) = k(z*(S) + ). (5.42)

If 2'(S) < 2'(0), then we have k(x'(S)—S) < kz'(0). Since function u is concave, its

gradient is monotonically nonincreasing and we have that Vu(z'(S)) > Vu(z'(0)),

which leads to a contradiction with Eqgs. (5.41)) and (5.42). Hence we conclude that
1(S) > 2'(0).
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The same result holds for utility function g and thus we also have

y'(S) = y'(0).

We now consider the second period. If 2%(S) > x2(0), then we have k(z%(S) +
S) > kx?(0). Once again, by the concavity of function u, we have aVu(z?(S)) <
aVu(z?(0)), which is another contradiction with the preceding two equality systems.

Hence we conclude

and similarly

For notational simplicity, we define nonnegative scalars ', §2, €', €2 as

2 (0) + 6" =2'(S), ¥'(0)+e€ =y'(9),
22(S) 4+ 6% = 2%(0), y*(S) + € = 3(0).

The desired condition in Eq. (5.40]) can be written compactly as

st >el, 62> €

We first show that §' > ¢!. Eqgs. and imply that
Vu(z'(0)) = kz'(0), Vu(z'(0) + &) = k(z'(0) + ' - 9).
We can take the difference of these two equalities and obtain that
Vu(x'(0)) — Vu(z'(0) + 0') = —ké' + kS.

Since function w is twice differentiable, the preceding equality can be written equiva-
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lently as
! (0)
/ V2u(z)dz = —ké* + k8.

H(0)+!

Similarly, for utility function g, we have

y'(0)
/ V2g(2)dz = —ke' + kS.
y'(0)+e!

We will prove 6! > ¢! by contradiction, assume 6* < ¢!, and thus
—k6' + kS > —ke' +kS.

Eq. (5.35]) suggests that

! (0) y' (0) y'(0)
/ V2u(z)dz </ Vig(2)dz S/ V3g(2)dz,

1(0)+6" ¥ (0)+6" v (0)+e!

where the second relation follows from §' < €' and V?g(z) < 0. The above four

relations lead to a contradiction and hence we conclude

ol > €.

We next show that §% > 2. Egs. (5.41)) and imply that
aVu(z?(0)) = kz*(0), aVu(z?(0) — 6?) = k(2*(0) — 6 + 9).
We can take the difference of these two equalities and obtain that
Vu(2?(0)) — Vu(2?(0) — 6%) = ké' — kS.

Since function w is twice differentiable, the preceding equality can be written equiva-

lently as

22(0)
a/ V2u(z2)dz = k§* — kS.
x2(0)—462
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Similarly, for utility function g, we have

y%(0)

a/ V3g(2)dz = ke* — kS.
y?(0)—€

If 2 < €2, we have

k6 — kS < ke® — kS.

By using Eq. (5.35)), we have

y*(0) z?(0) ?(0)
a/ V3g(2)dz < 04/ V2u(z)dz < a/ V2u(z)dz,
Yy

2(0)—e2? x2(0)—e2 z2(0)—4§2

where the last inequality follows from the assumption that 6% < 2 and V?u(z) < 0.

The preceding four relations combined gives a contradiction and therefore we have

6% > €.

This completes the proof of Eq. (5.40)), which in turn shows the desired result. [

The preceding theorem states that for positive storage, the optimal solution asso-
ciated with more concave utility functions have less generation fluctuation. The less
concave utility functions are more responsive to price changes. When we introduce
storage into the system, the peak time production goes down and as a result, the
peak time price goes down too. With demand responding to the price change, at the
optimal solution, demand for peak time goes up (compared to S = 0). Intuitively,
the more responsive demand (with more concave utility function) will raise peak time
demand by more than a less responsive demand. The opposite effects happen in the
off-peak period, with generation going up and price going down. The more responsive
demand will reduce total demand for the off-peak period. Thus the overall fluctuation

associated with a more responsive demand is higher than the less responsive one.
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5.4 Summaries

In this chapter, we also address the issue of undesirable price and generation fluctua-
tions, which imposes significant challenges in maintaining reliability of the electricity
grid. We first establish that the two fluctuations are correlated. Then in order to
reduce both fluctuations, we introduce an explicit penalty on the price fluctuation,
where the penalized problem is equivalent to the existing system with storage. We give
a distributed implementation of the new system, where each agent locally responds to
price signals. Lastly, we analyze the connection between the size of storage, demand
properties and generation fluctuation in two scenarios: when demand is inelastic,
we can explicitly characterize the optimal storage access policy and the generation
fluctuation; when demand is elastic, the relationship between concavity of generation
fluctuation is studied and we show that concavity of consumer demand may not al-
ways reduce or increase generation fluctuation even in a two period example. The

multi-period problem is left as a future research direction.
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Chapter 6

Conclusions

In this chapter, we conclude the thesis by summarizing its main contributions and

provide some interesting future directions.

6.1 Summary

In this thesis, we study two classes of multi-agent systems with local information. In
the first class of systems, the agents are cooperative and aiming to optimize a sum of
convex local functions. We developed both synchronous and asynchronous ADMM
(Alternating Direction Method of Multipliers) based distributed methods to solve
this problem and have shown that both method obtain a O(1/k) rate of convergence,
where k is the number of iterations. This rate is the best known rate for this class of
problems and is the first rate of convergence guarantee for asynchronous methods. For
the synchronous methods, we also relate the algorithm performance to the underlying
graph topology.

For the second class of networks, where the agents are only interested in local
objectives, we study the market interaction in the electricity market. We propose a
systematic framework to capture demand response and show that the new market in-
teraction at competitive equilibrium is efficient and the improvement in social welfare
over the traditional market can be arbitrarily large. The resulting system, however,

may feature undesirable price and generation fluctuations, which imposes significant
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challenges in maintaining reliability of the electricity grid. We first establish that
the two fluctuations are correlated. Then in order to reduce both fluctuations, we
introduce an explicit penalty on the price fluctuation, where the penalized problem is
equivalent to the existing system with storage. We give a distributed implementation
of the new system, where each agent locally responds to price signals. Lastly, we an-
alyze the connection between the size of storage, demand properties and generation
fluctuation in two scenarios: when demand is inelastic, we can explicitly characterize
the optimal storage access policy and the generation fluctuation; when demand is
elastic, the relationship between concavity of generation fluctuation is studied and we
show that concavity of consumer demand may not always reduce or increase genera-

tion fluctuation.

6.2 Future Directions

On the optimization fronts, some interesting future works include to generalize the
effect of network topology to general asynchronous methods and to analyze the al-
gorithm on a time-varying network topology. For the electricity market study, the
multi-period, multi-user storage access characterization is left open. We have also
assumed all the agents are price-taking, the case where agents are strategic will be

very interesting to study.
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